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Abstract: Extending the Next-to-Minimal Supersymmetric Standard Model by an A4×Z3
flavor symmetry and three right-handed neutrinos, we first consider the trimaximal neu-
trino mixing realized by introducing only two flavons with the prediction of non zero θ13 and
nearly maximal θ23 mixing angles. Then, by using the global fit 3σ ranges of the neutrino
oscillation parameters, we study the phenomenological implications of the model for both
normal and inverted mass hierarchies. In particular, we numerically evaluated the three
light neutrino masses and their sum
∑
mi, the effective Majorana mass mee, the electron
neutrino mass mνe , and the CP violating phase δCP . We find that the obtained ranges of
mee and mνe are accessible by current and future experiments while the obtained ranges of∑
mi and δCP lie within the current experimental data. We also discuss the domain walls
induced by the spontaneous breaking of the A4 × Z3 discrete symmetry in both charged
and chargeless lepton sectors. The domain walls in the charged lepton sector occurs at high
energy scale leading to unproblematic domain walls, while in the neutrino sector they are
inevitable. To solve this problem, we reconsidered the well-known approach that relies on
the explicit breaking of the discrete symmetry through the insertion of Planck-suppressed
operators induced by supergravity.
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1 Introduction
Physics beyond the standard model (SM) of elementary particles has been widely explored
after the experimental discovery of neutrino oscillations [1–3], and of a Higgs-like particle
with a mass of about 126 GeV [4, 5]. One of the most studied extensions of the SM is the
Minimal Supersymmetric Standard Model [6–8] (MSSM) which predicts the lightest Higgs
boson—among the five it contains—to be lighter than the Z-boson. Thus, large quantum
corrections are required in order to reach the mass of the discovered Higgs-like particle.
Although the MSSM solves many problems encountered in the SM such as the hierarchy
problem and the gauge coupling unification, it undergoes a naturalness concern related to
the mass term involving the up and down Higgs doublets µHuHd. In order to generate
a convenient electroweak symmetry breaking, the µ-parameter which has a dimension of
mass must be of the order of the SUSY breaking scale MSUSY . However, since the MSSM
might be an effective theory that originates from a more fundamental high energy theory
with some cutoff scale such as the GUT scale MGUT or the Planck scale MPl, the question
that arises is why does the scale of µ is far below these scales? This is the so-called the
µ-problem [9].
The most simple way to deal with the µ-problem as well as some of the other shortcomings
of the MSSM is by introducing an extra hyperchargeless singlet chiral superfield S which
gives rise to the well known Next-to-Minimal Supersymmetric Standard Model (NMSSM)
[10–13]. In the later, the µ-term is replaced by the Yukawa coupling λSHuHd, where after
the scalar component of the chiral superfield S acquires a vacuum expectation value (VEV)
of the order of MSUSY , an effective µ-term—µeff = λ 〈S〉—with the appropriate order is
generated, thus solving the µ-problem of the MSSM. Moreover, since the superpotential
of the NMSSM is scale invariant, the old µ-term is excluded by an accidental Z3 discrete
symmetry under which all the chiral superfields Φˆ of the NMSSM transform as Φˆ→ e2pii/3Φˆ
[14]. However, the rise of this discrete symmetry group Z3 is not without weakness from the
cosmological perspective; indeed, the spontaneous breaking of the Z3 symmetry leads to
the creation of cosmological domain walls (DWs) in the early Universe [15]; that is different
Z3 ground states created during the electroweak phase transition [16, 17]. Nevertheless,
there are different ways suggested in the literature to avoid the DW problem among which
we mention: (a) the breaking of Z3 symmetry taking place before the end of inflation [18,
19]; and (b) taking into account the supergravitaional effect by adding non-renormalizable
terms to the superpotential to break explicitly the Z3 leading to favor one of the three
Z3 vacua over the others [14, 20]. Notice by the way that the annihilation of DWs has
been also suggested as a plausible source of the gravitational waves (GWs) as discussed in
different extension of the SM, see for instance [21–23]. This annihilation would constitute an
interesting aspect of DWs especially after the recent observation of these GWs at the LIGO
and the Virgo experiments [24], which could offer a way for investigating the existence of
DWs in the early Universe.
Aside from these features related to the scalar sector, the SM as well as its supersymmetric
extensions predict massless neutrinos, thus further extensions are required to explain the
results of the neutrino oscillation experiments and hence, the observed mixing angles and
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the tiny neutrino masses. Recent data from these experiments give evidences on the mass
hierarchy, the CP violating (CPV) phase δCP and non-maximal atmospheric mixing θ23
where two different octants of θ23 are allowed; the lower octant (LO) with θ23 < pi/4 and
the higher octant (HO) with θ23 > pi/4. The values of neutrino oscillation parameters θij ,
∆m2ij and δCP can be found in the latest global fit analysis [25–27]. From the theoretical
point of view, one of the most well-known ways to generate such tiny neutrino masses is
through type-I seesaw mechanism which implies the introduction of heavy right-handed
Majorana neutrinos to the SM or any of its supersymmetric extensions [29–34]. However,
the seesaw mechanism does not allow us to explain the neutrino mixing nor to determine
the neutrino mass hierarchy. In this regard, non-Abelian discrete flavor symmetries have
been used extensively in recent years to describe the family structure of both leptons and
quarks, in particular, these symmetries are known to produce mixing patterns compatible
with large mixing angles of the lepton sector such as the tribimaximal mixing (TBM) matrix
which corresponds to a unitary matrix of the form [35]
UTBM =

√
2
3
1√
3
0
− 1√
6
1√
3
1√
2
− 1√
6
1√
3
− 1√
2
 (1.1)
However, while the TBM matrix is consistent with the large solar θ12 and atmospheric
θ23 angles, it is in conflict with the non-zero reactor θ13 angle discovered in 2012 [36–38].
Nevertheless, the TBM matrix is still considered as a good first order approximation while
small deviations are required to accommodate the small value of θ13. These deviations
are usually realized by introducing higher dimensional effective operators while the leading
TBM contribution is produced by the seesaw mechanism. In the same manner, several
non-Abelian discrete groups have been used in the literature to generate the deviation from
TBM and provided a successful description of all the neutrino mixing angles; see for in-
stance table 3 of ref. [39] and refs. [40–53]. Moreover, there are additional unanswered
questions relevant to neutrino physics such as whether neutrinos are Dirac or Majorana
particles and the issue concerning the absolute neutrino mass scale. In this regard, many
non-oscillating experiments such as beta decay [54, 55] and neutrinoless double beta decay
[56–59] experiments have been proposed to probe the mass scale of neutrinos. The later
would also prove lepton number violation and establish the Majorana nature of neutrinos;
for a recent review, see [60]. In addition, cosmological observations can probe the sum of
neutrino masses
∑
mi = m1 +m2 +m3 where the current upper bound given by the Planck
collaboration is
∑
mi < 0.17 eV [61].
In this paper, we aim to achieve two main objectives: First, we study the neutrino masses
and mixing in the context of a flavored NMSSM prototype (FNMSSM ) with discrete sym-
metry group Gf = A4 × Z3. We compute amongst others the ∆m2ij and sin θ2ij oscillation
parameters for both normal (NH) and inverted (IH) mass hierarchies with numerical esti-
mations that agree with advanced theoretical modeling in this matter; and which fit well
with recent experimental measurements on neutrinos. Second, we use results on the per-
turbation of the scalar potential of the theory by higher dimensional operators suppressed
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by powers of the Planck scale MPl; and on the effective field action approach in the flavon
sector of FNMSSM to propose a scenario preventing the domain wall problem created by
the spontaneous breaking of the full flavor group Gf in FNMSSM .
The building blocks of FNMSSM are given by the usual NMSSM ones supplemented by
two other kinds of chiral superfields: (α) three right-handed neutrinos N ci in order to have
massive neutrinos, and (β) three sets of flavon superfields Φ, Ω, χ, with quantum numbers
as in tables 1-3, allowing to generate suitable neutrino masses and mixing as well as avoid-
ing DWs. To build the chiral superpotential of the FNMSSM prototype, we extend the SM
gauge symmetry group by the global discrete flavor symmetry A4 × Z3. The non-Abelian
alternating A4 group is introduced to explain the recent experimental data on neutrino
oscillation experiments, while the Z3 symmetry is imposed for two things: first to forbid
the µ-term, and second to avoid the interchange between the flavon superfields Φ and Ω
respectively appearing in the charged and chargeless lepton sectors. In the neutrino sector,
the tiny neutrinos masses are generated through type I seesaw mechanism where only one
flavon is required to achieve a neutrino mass matrix compatible with the TBM matrix.
Then, by adding a second flavon, we perturb the Majorana neutrino mass matrix— break-
ing the µ−τ symmetry [62]— in a way that only the off-diagonal elements are modified; for
a recent review on this manner of doing, see [63] and references therein. The mixing matrix
in this scenario is obtained by rotating the TBM in the 1-3 plane, and thus leading to the
so-called trimaximal mixing (TM2) [43, 45, 64–67]. Next, we perform a numerical study
concerning the neutrino mixing angles for both NH and IH where we find that they all fit
the current experimental data. We have also studied the phenomenological consequences
of the model where we obtained interesting predictions regarding the effective Majorana
neutrino mass mee measured in neutrinoless double beta decay experiments, the effective
electron neutrino massmνe measured in tritium beta decay experiments and the Dirac CPV
phase. In particular, the obtained ranges of mee and mνe may be tested in current and
near future experiments, and which will first start to explore the regions corresponding to
the inverted mass hierarchy.
As mentioned above, the NMSSM suffers from the DW problem coming from the sponta-
neous breaking of the discrete Z3 symmetry at the electroweak phase transition [14, 20, 69].
In our FNMSSM prototype, the DW problem arise from the spontaneous breaking of the
A4 ×Z3 flavor symmetry bearing in mind that the charge assignments under the extra Z3
discrete group is different from those in the usual NMSSM. In particular, two A4 breaking
patterns are analysed: (i) the first one driven by an A4 triplet leads to the spontaneous
breaking of Gf down to its subgroup Z3×Z3 in the charged lepton sector, where the domain
walls appear as the boundaries separating the degenerate vacua generated by this breaking.
We find that these DWs are remarkably described by the Klein-four V4 ∼= Z2 × Z2 flavor
subsymmetry group, and are formed around the inflationary scale; and thus, present no
danger from the cosmological view. (ii) the second breaking is given by Gf to a subgroup
Z2 in the neutrino sector, it is generated by the VEV of flavons and creates domain walls
that expand between the boundaries of degenerate vacua which are characterised by the
Z2 o Z3 × Z3 subgroup of Gf . The standard cosmology requires that these domain walls
disappear at least before nucleosynthesis [70], and one of the first proposed solution suggests
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that, after breaking the degeneracy of the vacua, the true vacuum dominates [16]. Here,
we show that breaking explicitly the Z2 o Z3 × Z3 subsymmetry of Gf at high energy by
means of additional non-renormalizable terms—Planck-suppressed operators—is capable to
remove the degeneracy between the different domains. In addition, the theory at low energy
will not undergoes a remarkable change as long as these operators are suppressed by powers
of the Planck scale.
This paper is organized as follows. In section 2, we present our FNMSSM proposal giving
an extension of NMSSM with right-handed neutrinos and a global discrete A4 ×Z3 flavor
symmetry. Within this section we give the superfield properties describing the flavored
NMSSM, then we describe the A4 × Z3 invariant Yukawa couplings in the charged lepton
sector. In section 3, we study the neutrino masses and mixing as well as the deviation from
TBM matrix, and we use the 3σ values of the neutrino oscillation parameters to extract
the allowed ranges of our model parameters. In section 4, we perform a phenomenological
study of our model and provide the predictions concerning the parametersmee, mνe and the
Dirac CPV phase δCP along with the Jarlskog parameter and its impact on the θ23 octant
degeneracy. In section 5, we discuss the domain wall problem in our FNMSSM created
via the spontaneous breaking of Gf and we provide a viable solution to this cosmological
problem in the neutrino sector by adding a Planck-suppressed operator that breaks explic-
itly Gf . In section 6, we give our conclusion and in section 7, we give three appendices A,
B and C. In Appendix A, we provide some useful details on the discrete A4 group and
its representations. In Appendix B, we determine the vacuum alignments of the A4 flavon
triplets Φ and Ω. In Appendix C, we give some comments on additional non-renormalizable
operators that break explicitly the A4×Z3 group and we illustrate the contribution of one
of these operators to the effective potential of the theory.
2 Building blocks in flavon extended NMSSM
In this section, we introduce the flavon extended NMSSM that we propose to produce neu-
trino masses, their mixing and bypassing the domain wall problem created by spontaneous
breaking of the flavor symmetry. This FNMSSM proposal is an extension of the NMSSM
possessing a discrete A4×Z3 flavor symmetry that turns out to play an important role in our
construction; in particular in realising mixing and avoiding DW problem. To get straight to
the point, we will mainly focus on leptons by first giving the chiral superfield content of the
model; then describing the A4×Z3 invariant Yukawa coupling in the charged lepton sector.
The modeling of neutrino properties and their compatibility with experimental results are
described with details in section 3.
2.1 Superfield content of the model
In addition to the usual chiral and gauge superfields of the MSSM, our flavon extended
NMSSM model contains extra chiral superfields carrying quantum numbers under the A4×
Z3 flavor symmetry group used to describe the mixing in the lepton sector. These extra
superfields are given by:
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(i) the chiral singlet superfield S of NMSSM that couples to the usual Higgs doublets Hu
and Hd. This complex superfield carries a negative unit charge under Z3; but it is
neutral under A4.
(ii) three right-handed neutrinos N ci=1,2,3 needed to generate tiny masses for neutrinos
through type I seesaw mechanism. They carry a negative charge under Z3 exactly
like S; but form altogether an irreducible triplet under A4.
(iii) three flavon superfields {Φ,Ω,χ} which are gauge singlets but carry non-trivial quan-
tum numbers under A4 ×Z3 symmetry.
The A4 ×Z3 representations hosting these chiral superfields and the role they play in
the construction are described below.
2.1.1 Quantum charges
The gauge quantum numbers under SU(2)L×U(1)Y of the lepton and the Higgs superfields
of the NMSSM as well as the right-handed neutrinosN ci are as shown in table 1. These chiral
superfields are color singlets. The lepton doublets of the three generations Li = (Le, Lµ, Lµ)
and the three right-handed neutrinos N ci = (ν
c
e, ν
c
µ, ν
c
τ ) are assigned to irreducible triplets
3(−1,0) of the discrete group A4. The three right-handed leptons Eci = (ec, µc, τ c) sit however
in the three different A4 singlets 1(1,1),1(1,ω2),1(1,ω) where ω = ei
2pi
3 ,
Eci ∼ 1(1,ω¯i−1) , ω¯i−1 = ω1−i (2.1)
Regarding the Higgs superfields of the NMSSM namely the usual three (Hu, Hd, S), they
transform trivially under the A4 discrete group. They are hosted by 1(1,1); but they are
discriminated against each other by charges of the extra discrete Z3. In addition to the
Superfields Li ec µc τ c N ci Hu Hd S
SU(2)L 2 1 1 1 1 2 2 1
U(1)Y −1 2 2 2 0 1 −1 0
Table 1. Gauge charges of lepton and Higgs superfields of the model.
superfields in table 1, the three flavon superfields {Φ,Ω,χ} carry non-trivial quantum num-
bers under A4 symmetry as shown in tables 2 and 3. The flavon Φ, transforming as 3(−1,0)
under A4, is added in the charged lepton sector; while the Ω and χ are both added in the
neutrino sector. We will show later that the flavon A4- triplet Ω with the A4- singlet super-
field S are required to produce a neutrino mass matrix compatible with the tribimaximal
mixing—see eq. (3.5); while χ, hosted by the 1(1,ω) of the A4 symmetry and carrying a
negative Z3 charge, is needed to study the deviation from TBM matrix—see eq. (3.11).
Moreover, to obtain the right vacuum alignment of the A4- triplets Φ and Ω that lead to
the desired masses and mixing, we need to avoid the communication between the charged
lepton and neutrino sectors. This is achieved by introducing the Z3 discrete symmetry
under which the flavons triplets Φ and Ω act differently. The Z3 quantum numbers for all
– 6 –
Superfields Li ec µc τ c N ci
A4 3(−1,0) 1(1,1) 1(1,ω2) 1(1,ω) 3(−1,0)
Z3 1Q 1Q 1Q 1Q 1Q2
Table 2. Lepton and right-handed neutrino superfields and their quantum numbers under A4×Z3.
the superfields are as given in tables 2 and 3 with Q = ei
2pi
3 . Before proceeding, notice that
the novelty of the modeling is mainly given by tables 2 and 3 and by the non-Abelian group
structure of A4 as well as the use of group characters to discriminate the one- dimensional
representations of the discrete A4×Z3 flavor group. To fix ideas on some useful features of
Superfields Hu Hd Φ Ω S χ
A4 1(1,1) 1(1,1) 3(−1,0) 3(−1,0) 1(1,1) 1(1,ω)
Z3 11 1Q 11 1Q2 1Q2 1Q2
Table 3. Higgs and flavon superfields and their quantum numbers under A4 ×Z3.
the A4 ×Z3 flavor symmetry of the proposed model, recall that the subgroup A4 has four
irreducible representations 1, 1′, 1′′ and 3 used to host the chiral superfield of the model;
while the Z3 subsymmetry has three irreducible representations 1˜, 1˜′, 1˜′′. The properties
of these representations will play an important role in this study; for this reason, and also
for the study of the breaking of A4 down to its Z3 and Z2 subgroups, we thought it is useful
to recall briefly some useful properties on the A4 group to better illustrate the construction.
2.1.2 Flavor symmetry Gf = A4 ×Z3
The alternating A4 subsymmetry of Gf is a non-Abelian discrete group living inside of the
well known permutation group S4. It is generated by two noncommuting operators S and
T (ST 6= T S) with the property S2 = T 3 = I, these S and T cannot be diagonalized
simultaneously; and we will use later the basis where T is represented by a diagonal matrix
[71]. The order of the A4 group is 12; it is related to the dimensions of its four irreducible
representations through the character relation
A4 : 12 = (1)2 +
(
1′
)2
+
(
1′′
)2
+ (3)2 (2.2)
Throughout this work, we will denote these four irreducible representations by their basis
characters as 3(−1,0), 1(1,1), 1(1,ω) and 1(1,ω2) with ω = exp (2ipi/3); this notation gives a
tricky manner to distinguish the three one- dimensional representations by the characters
of the generators of A4. Because of the property ω2 = ω¯, we can also denote the one-
dimensional representations as 1(1,1),1(1,ω),1(1,ω¯); for other aspects, see appendix A and
refs. [72, 73].
The A4 has ten subgroups that we want to describe briefly; they are needed in section 4
when we study the breaking of A4. All the proper subgroups of A4 are Abelian and so have
one- dimensional irreducible representations that can be determined by using the analogue
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of the character formula (2.2). In addition to the set A4 itself and to the identity Iid, the
subgroups of A4 are as follows: (a) the Klein-four group V4 with non trivial elements given
by double transpositions (ij) (kl) as reported hereinbelow
V4 = {Iid, (12) (34) , (13) (24) , (14) (23)} (2.3)
where {1, 2, 3, 4} are numbers indexing some four given objects {X1, X2, X3, X4}. In our
case, the Φi, Ωi and χ flavon chiral superfields are given by a subsets of Xi’s or also by linear
combinations of them. (b) four kinds of cyclic groups Z3, one of them is given by the set
{Iid, (123) , (132)} where the fourth point X4 is fixed; a second example of a Z3 subgroup is
given by {Iid, (124) , (142)} where now the point X3 which is fixed. (c) three cyclic groups
Z2 generated by double transpositions; they are subgroups of V4; one of these three Z2’s
is given by {Iid, (12) (34)}; a second one is given by {Iid, (13) (24)}. The multiplicities of
these subgroups are as in the following table
subgroups order multiplicity
A4 12 1
V4 4 1
Z3 3 4
Z2 2 3
Iid 1 1
(2.4)
The Z3 subsymmetry of Gf is an Abelian discrete group which has not to be confused with
Z3 which is a subgroup of A4; it has three different one- dimensional representations 1˜, 1˜′,
1˜′′ that can be denoted as well like 11, 1Q and 1Q2 with Q = ei
2pi
3 .
To summarise, the flavor symmetry Gf = A4 ×Z3 has three generators S, T and T˜ and 7
irreducible representations namely
1(1,1,1),1(1,ω,1),1(1,ω¯,1),3(−1,0,1),1(1,1,1),1(1,1,Q),1(1,1,Q¯) (2.5)
where the indices refer to the characters of the generators, the two first entries for the S,
T of alternating A4 and the third for the T˜ of Z3.
2.2 Charged lepton sector
With the extra A4 ×Z3 quantum numbers; we have a powerful tool to suppress undesired
superfield couplings in building the general lepton mass matrix. Following [71], the usual
Yukawa couplings, giving the masses (me,mµ,mτ ) of the charged leptons, are given by
the W 0lep+ =
∑
i,j y
ij
0 HdE
c
iLj tri- superfield couplings which in general is not invariant
under the flavor symmetry. To make the charged leptons superpotential invariant under
the full discrete A4 × Z3 symmetry group, we promote the Yukawa coupling constants
yij0 to be flavon Φ- dependent like y
ij
0 → yijk0 ΦkΛ where Λ denotes a cutoff scale of the Gf
symmetry of GUT scale order. Thus, the desiredWlep+ chiral superpotential for the charged
leptons is flavon dependant Wlep+ [Φ] and is given by a four- order operator generated
by the monomials HdEciLjΦk. However, because Lj and Φk transform into non trivial
representations of Gf , these four order monomials carry non trivial quantum charges of the
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discrete flavor symmetry. In the A4×Z3 representation language, the HdEciLjΦk transform
in the A4- tensor product representation 1(1,ω¯i−1) ⊗
[
3(−1,0) ⊗ 3(−1,0)
]
as it can be checked
from the following table
group\superfields Hd Eci Lj Φk
A4 1(1,1) 1(1,ω¯i−1) 3(−1,0) 3(−1,0)
Z3 phase Q Q Q 1
(2.6)
with 1(1,1) ⊗ 1(1,ω¯i−1) = 1(1,ω¯i−1) and Q3 = 1. From this tensor product structure, we learn
that the 33 = 27 possible monomials HdEciLjΦk are manifestly Z3- invariant (Q
3 = 1);
while invariance under the non-Abelian A4 requires restricting the sum to the particular
trace
TrA4
(
yijk
Λ
EciLjΦk
)
≡
(
yijk
Λ
EciLjΦk
)∣∣∣∣
1(1,1)
(2.7)
This trace can be obtained by first using the group representation notations L ⊗ Φ ≡
3(−1,0) ⊗ 3(−1,0) showing that LjΦk, with Lj = (Le, Lµ, Lτ ) and Φk = (Φ1,Φ2,Φ3), has
nine components carrying in general different A4- quantum numbers. By using results from
[73] on the reducibility property of tensors product of A4- representations; in particular
3(−1,0) ⊗ 3(−1,0) = 9(1,0) with
9(1,0) = 1(1,1) ⊕ 1(1,ω) ⊕ 1(1,ω¯) ⊕ 3(−1,0) ⊕ 3(−1,0) (2.8)
we learn that the relevant terms in the charged lepton superpotential Wlep+ are given, in
the A4 basis where the generator T is diagonal (T .Φr = ωr−1Φr and T .Lr = ωr−1Lr), by
the following one dimensional A4- representations
L⊗ Φ|1(1,1) = LeΦ1 + LτΦ2 + LµΦ3
L⊗ Φ|1(1,ω) = LµΦ1 + LeΦ2 + LτΦ3
L⊗ Φ|1(1,ω¯) = LτΦ1 + LµΦ2 + LeΦ3
(2.9)
For the explicit expressions of the other irreducible representations; see eq. (7.3) of appendix
A. Notice that the above restrictions to the three one- dimensional L⊗ Φ|1(1,ωr) of the A4
symmetry is because of the quantum numbers of the right handed leptons Eci = (e
c, µc, τ c)
which transform under A4 into three different one dimensional representations like Eci ∼
1(1,ω¯i−1). Therefore, the desired A4- invariant quantity is given by
TrA4
(
yijk
Λ
EciLjΦk
)
∼
3∑
i=1
(
1(1,ω1−i) × (L⊗ Φ)|1
(1,ωi−1)
)
(2.10)
leading to the following quartic A4 ×Z3 invariant superpotential
Wlep+ =
3∑
i=1
yi
Λ
Hd
(
L⊗ Φ|1(1,ωi)
)
Eci (2.11)
and reading explicitly as
Wlep+ =
ye
Λ e
cHd × L⊗ Φ|1(1,1) +
yµ
Λ µ
cHd × L⊗ Φ|1(1,ω)
+yτΛ τ
cHd × L⊗ Φ|1(1,ω¯)
(2.12)
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Taking the VEV of A4- triplet Φ like 〈Φ〉 = (υΦ, 0, 0) and the VEV of the Higgs Hd as
usual–〈Hd〉 = υd–; then substituting these expressions back into the superpotential (2.11),
we obtain the desired supersymmetric Yukawa couplings
Wlep+ =
yeυΦ
Λ
Hde
cLe +
yµυΦ
Λ
Hdµ
cLµ +
yτυΦ
Λ
Hdτ
cLτ (2.13)
leading to a diagonal charged lepton mass matrix Mlep+ = diag(me,mµ,mτ ) with mass
eigenvalues induced by the product of two VEVs as follows
me = ye
υdυΦ
Λ
, mµ = yµ
υdυΦ
Λ
, mτ = yτ
υdυΦ
Λ
(2.14)
By using the experimental value of the tau mass as given by the Particle Data Group [74],
namely mτ = 1776.86 MeV, and by assuming that yτυd . 246 GeV, we obtain a lower
bound on the ratio between the flavon VEV υΦ and the cutoff scale Λ given by
υΦ
Λ
> 0.007 (2.15)
This constraint on υΦ will be used later on when studying domain walls in the charged
lepton sector.
3 Neutrino masses and trimaximal mixing
In this section, we first generate the tribimaximal neutrino mixing at the leading order.
Then, we study the deviation from TBM matrix in order to reconcile with the experimental
values of the reactor and atmospheric mixing angles.
3.1 Tribimaximal mixing matrix
By adding the three right-handed neutrinos N ci = (ν
c
e, ν
c
µ, ν
c
τ ), the light neutrino masses
are generated via type I seesaw mechanism formula mν = mTDM
−1
R mD with MR the right-
handed Majorana neutrinos mass matrix. The Dirac mass matrix mD emerges from the
Yukawa couplings of the left and right-handed neutrinos with the Higgs superfield Hu. The
relevant chiral superpotential WD respecting gauge and flavor symmetries of the model is
as follows
WD = TrA4
(
Y ijLiN
c
jHu
)
(3.1)
where Li = (Le, Lµ, Lτ ), Y ij are Yukawa coupling constants and where TrA4 [∗] refers to
the restriction of the sum
∑
i,j Y
ijLiN
c
j to the A4- invariant part. Following the same
analysis used in the charged lepton sector for the derivation of eqs. (2.6) and (2.12),
the A4-invariant WD is then given by (Hu ⊗ L⊗N c)|1(1,1) ; but because Hu ∼ 1(1,1), this
irreducible component reduces to Hu times (L⊗N c)|1(1,1) reading explicitly as
WD = Y0Hu (L1N
c
1 + L2N
c
3 + L3N
c
2) (3.2)
or equivalently in matrix form like
WD = (Le, Lµ, Lτ )
 Y0Hu 0 00 0 Y0Hu
0 Y0Hu 0

 νceνcµ
νcτ
 (3.3)
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Giving to the neutral component of the Hu Higgs doublet its υu VEV, we get the Dirac
mass matrix of neutrinos
mD = Y0υu
 1 0 00 0 1
0 1 0
 (3.4)
The superpotentialWR of the right-handed Majorana neutrinos respecting gauge invariance,
the A4×Z3 flavor symmetry and leading to TBM matrix, contains two couplings; the first
one involves the chiral superfield S which is an A4- singlet, and the second one involves an
A4- flavon triplet Ω = (Ω1,Ω2,Ω3). This superpotential is expressed at the renormalizable
level as
WR = λTrA4 (SN
cN c) + λ′TrA4 (ΩN
cN c) (3.5)
where λ and λ′ are Yukawa coupling constants. The first tri- superfield coupling SN cN c
transforms under the A4 symmetry as 1(1,1) ⊗ 3(−1,0) ⊗ 3(−1,0); while the second coupling
ΩN cN c transforms as 3(−1,0) ⊗ 3(−1,0) ⊗ 3(−1,0). Hence, by using the fusion algebra of A4
(7.3), the superpotential WR develops into
WR = λS(ν
c
eν
c
e + ν
c
µν
c
τ + ν
c
τν
c
µ) +
2λ′
3 (
[(
νceν
c
e − νcµνcτ
)
Ω1 +
(
νcτν
c
τ − νceνcµ
)
Ω2 +
(
νcµν
c
µ − νceνcτ
)
Ω3
] (3.6)
By taking the flavon VEVs as 〈S〉 = υS and 〈Ω〉 = (υΩ, υΩ, υΩ), and adopting the following
notations: a = 2λυS and b = 2λ′υΩ—the parameters a and b have dimension of mass—the
right-handed Majorana neutrinos mass matrix MR is given by
MR =
 a+ 2b/3 −b/3 −b/3−b/3 2b/3 a− (b/3)
−b/3 a− (b/3) 2b/3
 (3.7)
It is well known that the form of this matrix which respects the µ−τ symmetry1 exhibits the
exact TBM matrix with zero reactor angle. Thus, it is diagonalized as UTTBMMRUTBM =
diag(M1,M2,M3) with
M1 = a+ b , M2 = a , M3 = b− a (3.8)
with UTBM is as given in eq. (1.1). Notice that the form of MR was produced before with
at least two flavons fields [71, 75, 76]; the novelty in the present paper is that we used the
singlet superfield S which is specific to the NMSSM and only one flavon.
Now, we have all needed ingredients to apply the type I seesaw formula mν = mTDM
−1
R mD
which leads to the following light neutrino mass matrix
mν =
Y 20 υ
2
u
3a (a+ b)

3a+ b b b
b − (b2+2ab)(a−b)
(3a2+ab−b2)
(a−b)
b
(3a2+ab−b2)
(a−b) −
(b2+2ab)
(a−b)
 (3.9)
1This symmetry is based on the invariance of the neutrino mass terms under the interchange of νµ and
ντ [62].
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with the property a (a+ b) (a − b) 6= 0 requiring in particular λυS 6= λ′υΩ. Consequently,
we see that after inverting the Majorana mass matrix MR and multiplying it from both
sides by the Dirac mass matrix (3.4), the light neutrino mass matrix mν is still of the TBM
form and thus, it is also diagonalized by UTBM with eigenvalues given as
mTBM1 =
Y 20 υ
2
u
M1
, mTBM2 =
Y 20 υ
2
u
M2
, mTBM3 =
Y 20 υ
2
u
M3
(3.10)
3.2 Trimaximal mixing as a deviation of TBM matrix
The structure of the neutrino mass matrix mν produces the exact TBM matrix predicting
zero θ13 reactor angle and maximal atmospheric angle θ23. Currently, it is a well established
experimental fact that the value of the reactor angle is different from zero; θ13 6= 0, while
it wasn’t until recently that the NOvA experiment disfavored the maximal atmospheric
angle; θ23 6= 45◦. Therefore, in order to produce the experimental values of these angles,
we need to go beyond the TBM framework. As we illustrated above, the structure of the
tribimaximal mixing is encoded in the right-handed Majorana mass matrix MR. Thus,
we only need to deform MR to get a new mixing matrix with the correct mixing angles.
Indeed, by introducing a new flavon superfield χ hosted by the 1(1,ω) of the A4 symmetry,
a new perturbation term δWR is added to the Majorana superpotential which becomes
WM = WR + δWR with WR as in eq. (3.6) and
δWR = λ
′′TrA4 (χN
cN c) (3.11)
where λ′′ is a Yukawa coupling constant. Notice that all the terms in the neutrino sector—
see eqs. (3.5) and (3.11)—are at the renormalizable level. The new term δWR shifts (3.7) by
δMR and contributes to the Majorana neutrino mass matrix such that only the off-diagonal
entries are affected. By using the notation  = 2λ′′υχ where υχ is the VEV of the new
flavon χ, this new contribution is as follows
δMR =
 0 0 0  0
 0 0
 (3.12)
After flavor and electroweak symmetry breaking, the total Majorana neutrino mass matrix
consists of combining the matrix MR in eq. (3.7) and the matrix δMR in eq. (3.12) leading
to M˜R = MR + δMR given by the following real symmetric matrix
M˜R =
 a+ 2b3 − b3 − b3 + − b3 2b3 +  a− b3
− b3 +  a− b3 2b3
 (3.13)
with TrM˜R = (a+ 2b) +  and det M˜R = a
(
b2 − a2) +  (b2 − 2). It is clear that the
µ − τ symmetry is broken by the  deviation; hence the matrix M˜R does not exhibit the
tribimaximal mixing matrix anymore. The diagonalization of this real symmetric matrix can
be obtained by performing a similarity transformation like M˜ ′R = P−1M˜RP with eigenvalues
M˜ ′1 = b+
√
a2 − a+ 2 , M˜ ′2 = a+  , M˜ ′3 = b−
√
a2 − a+ 2 (3.14)
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and
P =
 γ+1 1 γ−1γ+2 1 γ−2
1 1 1
 (3.15)
with
γ∓1 =
(3a+ b) − 32 ∓ (3− 2b)√a2 − a+ 2 − 2ab
ab− 2b+ 32 + (3− b)√a2 − a+ 2
(3.16)
γ∓2 =
(b− 3a) ∓ b√a2 − a+ 2 + ab
ab− 2b+ 32 + (3− b)√a2 − a+ 2
These relations are non linear in the deviation parameter ; they may be treated perturba-
tively up to order O(2) by following the same method as done in [72]. For example, the
linearization of the b±√a2 − a+ 2 eigenvalues gives b± a∓ 2 +O( 
2
a ); and then
M˜ ′1 ' b+ a−

2
, M˜ ′2 = a+  , M˜
′
3 ' b− a+

2
(3.17)
Nevertheless, to deal with (3.13) we follow the procedure used in [45] instead of the above
linearization. The method relies on using the trimaximal mixing matrix UTM2 = UTBMUR
obtained by multiplying UTBM by a matrix UR from the right while leaving one of the
columns in UTBM unaffected. Here, UR stands for a "complexified rotation" matrix UR
and. In the (1-3) plane, we have
UR =
 cos θ 0 sin θe−iσ0 1 0
− sin θeiσ 0 cos θ
 (3.18)
where the parameter θ parameterizes the deviation from tribimaximal mixing and σ is a
free parameter related to the Dirac CP phase. This complex rotation matrix UR has the
properties U †RUR = I and detUR = 1; it preserves the second column of the TBM matrix
and leads to
UTM2 =

√
2
3 cos θ
1√
3
√
2
3 sin θe
−iσ
− cos θ√
6
− sin θ√
2
eiσ 1√
3
cos θ√
2
− sin θ√
6
e−iσ
− cos θ√
6
+ sin θ√
2
eiσ 1√
3
− cos θ√
2
− sin θ√
6
e−iσ
 (3.19)
with U †TM2UTM2 = I and |detUTM2 | = 1. By using this mixing matrix, the Majorana
neutrino mass matrix M˜R is diagonalized as(
U∗TM2
)T
M˜RU
∗
TM2 = diag(M˜1, M˜2, M˜3) (3.20)
provided the following condition holds
tan 2θ =
2
√
3
(2a− 2b− ) e−iσ + (2a+ 2b− ) eiσ (3.21)
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which, by taking σ = 0, reduces to θ = 12 arctan[
k
√
3
2−k ], where κ =

a . Furthermore, by
assuming that   a (i.e: λ′′υχ  λυS) the eigenvalues of M˜R are given explicitly as
follows
M˜1 = a+ b− 
2
, M˜2 = a+  , M˜3 = b− a+ 
2
(3.22)
which may be compared with (3.17).
Now we turn to calculate the light neutrino masses by applying the type-I seesaw formula
m′ν = mTDM˜
−1
R mD. The Dirac mass matrix is the same as before–see eq. (3.4)–while the
Majorana neutrino mass matrix M˜R is the one obtained after adding the perturbation term
(3.11). Since M˜R is diagonalized by UTM2 given in eq. (3.19), the inverse Majorana neutrino
mass is now given by
M˜−1R =
(
U∗TM2
)T
[diag(M˜1, M˜2, M˜3)]
−1U∗TM2 (3.23)
Moreover, due to the form of the Dirac mass matrix (3.4), the diagonalization ofm′ν remains
of trimaximal form. Thus, the light neutrino masses are given by U˜∗TM2m
′
ν
(
U˜∗TM2
)T
=
diag(m1,m2,m3) with
m1 =
Y 20 υ
2
u
M˜1
, m2 =
Y 20 υ
2
u
M˜2
, m3 =
Y 20 υ
2
u
M˜3
(3.24)
where U˜TM2 =
mD
Y 20 υu
UTM2 is the new neutrino mixing matrix which differs from UTM2 by
the interchange of the second and the third row [77]
U˜TM2 =

√
2
3 cos θ
1√
3
√
2
3 sin θe
−iσ
− cos θ√
6
+ sin θ√
2
eiσ 1√
3
− cos θ√
2
− sin θ√
6
e−iσ
− cos θ√
6
− sin θ√
2
eiσ 1√
3
cos θ√
2
− sin θ√
6
e−iσ
 (3.25)
Therefore, by using this matrix U˜TM2 and the following definitions
sin θ13 = |Ue3| , sin2 θ23 = |Uµ3|
2
1− |Ue3|2
, sin2 θ12 =
|Ue2|2
1− |Ue3|2
(3.26)
We obtain the expressions of the three θ13, θ23 and θ12 mixing angles
sin2 θ12 =
1
3(1− sin2 θ13)
sin2 θ13 =
2
3
sin2 θ (3.27)
sin2 θ23 =
1
2
+
sin θ13
(
1− 32 sin2 θ13
)1/2
√
2
(
1− sin2 θ13
) cos δCP
where we identified σ as the Dirac CP violating phase δCP . We can see from these equations
that the atmospheric angle θ23 is related to the reactor angle θ13, thus, it is clear that for
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non zero θ13, the atmospheric neutrino mixing angle θ23 deviates from its maximal value—
θ23 = pi/4—which is in agreement with the recent result from the NOvA experiment [78].
The light neutrino masses in eq. (3.24) can be rewritten by adopting the following notation
m0 =
Y 20 υ
2
u
b
=
Y 20 υ
2
u
2λ′υΩ
, c =
a
b
=
λυS
λ′υΩ
, d =

b
=
λ′′υχ
λ′υΩ
(3.28)
Thus, we obtain
m1 =
2m0
2 + 2c− d , m2 =
m0
c+ d
, m3 =
2m0
2− 2c+ d (3.29)
The parameters m0, c and d are defined as three different ratios of the scalar field VEVs.
A discussion concerning the ranges of these parameters will be performed in the next sub-
section. By using these masses, we calculate the solar ∆m221 and atmospheric ∆m231 mass-
squared differences, we obtain
∆m221 = m
2
0
[
1
(c+d)2
− 1
(1+c− d2 )
2
]
,
∣∣∆m231∣∣ = m20 ∣∣∣∣ 1(1−c+ d2 )2 − 1(1+c− d2 )2
∣∣∣∣ (3.30)
and where the two types of neutrino spectrum NH and IH are associated directly to the
sign of ∆m231 which remains unknown.
Moreover, in order to reduce the intervals of k and θ, we plot in figure 1 sin2 θ13 as a
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 0.024
 0.026
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 0.1  0.12  0.14  0.16  0.18  0.2  0.22  0.24
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n2
θ 1
3
θ
3σ range of sin2θ13 for NH3σ range of sin2θ13 for IH
 0.3
 0.32
 0.34
 0.36
 0.38
 0.4
k
Figure 1. The variation of sin2 θ13 as a function of the deviation parameter θ with the parameter
k shown in the palette.
function of the deviation parameter θ and the ratio k = /a induced by the VEV of the
singlet S. The allowed regions of θ and k are constrained by the 3σ experimental range of
sin2 θ13, see table 4. Thus, the restricted regions of the parameters θ and k for NH (IH) are
as follows
0.1726(0.1738) . θ . 0.1912(0.1923)
0.344(0.346) . k . 0.377(0.379) (3.31)
– 15 –
3.3 Numerical analysis
The neutrino oscillation experiments are known to be sensitive to the three mixing angles
θ12, θ23, θ13 and to the neutrino mass-squared differences ∆m231 for atmospheric neutrinos
and ∆m221 for solar neutrinos. The measurements of these angles as well as the mass-squared
differences was reported by several global fits of neutrino data [25–27]; see table 4. In figure
Oscillation parameters Ordering Best fit 3σ
sin2 θ12/10
−1 NH & IH 3.20 2.73− 3.79
sin2 θ23/10
−1 NH
IH
5.47
5.51
4.45− 5.99
4.53− 5.98
sin2 θ13/10
−2 NH
IH
2.16
2.22
1.96− 2.41
1.99− 2.44
∆m221 [10
−5eV2] NH & IH 7.55 7.05− 8.14∣∣∆m231∣∣ [10−3eV2] NHIH 2.502.42 2.41− 2.602.31− 2.51
δ◦/pi
NH
IH
1.21
1.56
0.87− 1.94
1.12− 1.94
Table 4. The best-fit values and the 3σ ranges of neutrino oscillation parameters as reported by
ref. [27] for both hierarchies.
2, we show the correlation between the atmospheric neutrino angle sin2 θ23 and the solar
neutrino angle sin2 θ12 for the normal (left) and inverted (right) mass hierarchies where the
green points present all the possible model values while the blue points are the allowed
model values restricted by the 3σ ranges of the mixing angles given in table 4. The red line
in both panels corresponds to the values δCP = pi2 ,
3pi
2 which is consistent with the maximal
value of the atmospheric angle. We observe that the allowed intervals for the mixing angles
θ12 and θ23 are
0.34 . sin2 θ12 . 0.3415 , 0.445 . sin2 θ23 . 0.598 (3.32)
for NH; and for IH
0.34 . sin2 θ12 . 0.3415 , 0.453 . sin2 θ23 . 0.597 (3.33)
We see that the interval of sin2 θ12 gets more restrained compared to its 3σ region while the
intervals of sin2 θ23 are slightly restricted compared to their 3σ region reported in table 4.
The same discussion applies to the correlation between the atmospheric angle sin2 θ23 and
the reactor angle sin2 θ13 shown in figure 3. In this case, the obtained intervals for θ23 are the
same as in eq. (3.32), while the angle θ13 coincides with its 3σ allowed range for NH and gets
more restricted in the case of IH; the range for the later case is 0.0199 . sin2 θ13 . 0.0237.
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Figure 2. Correlation plots between sin2 θ23 and sin2 θ12 for NH (left panel) and IH (right panel).
The green region stands for all model values, whilst the blue region concerns the allowed model
values for 3σ range taken from Table 4.
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Figure 4. Scatter plot showing the allowed regions of the m0-d-c parameters for the normal (left
panel) and inverted (right panel) mass hierarchy.
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In figure 4, we show for both mass hierarchies the correlation among the parameters
m0, c and d where we used as input parameters the current 3σ allowed range of the mass
squared differences. As a result, we find that the obtained ranges are more restricted in
the IH case than the NH case. In order to get estimations on these parameters, we take
the best fit value of ∆m231 and ∆m221 and extract the corresponding values for m0, c and
d. Their intervals as well as their best fit values are as summarized in table 5.
Model parameters NH IH
m0
Best fit of m0
[
0.8× 10−2, 0.058]
' 0.0259
[0.037, 0.05]
' 0.044
c
Best fit of c
[0.49, 0.88]
' 0.788
[
0.37× 10−4, 0.12]
' 0.0617
d
Best fit of d
[
0.16× 10−3, 0.65]
' 0.558
[0.66, 0.6622]
' 0.6617
Table 5. Allowed ranges of our model parameters as well as their best fit values respecting the
current 3σ ranges of the mass squared differences.
In what follows, we use these intervals as input parameters to plot the correlations
between masses. In addition, for the NH case we substitute the masses m2 and m3 by√
m21 + ∆m
2
21 and
√
m21 + ∆m
2
31 respectively while in the IH case, we substitute m1 and
m2 by
√
m23 −∆m231 and
√
m23 + ∆m
2
21 −∆m231 respectively. We use these relations and the
expressions of the mass-squared differences given in eq. (3.30) as well as their experimental
3σ allowed ranges from table 4. The recent cosmological upper bound on the sum of
neutrino masses given by
∑
mi ≤ 0.17 eV [61] will be also taken into account to study the
phenomenological implications of our FNMSSM in the next section.
4 Phenomenological implications
In this section, we first focus on the physical observables related to experiments other than
those of the neutrino oscillation experiments. These are the Majorana neutrino mass mee
measured in neutrinoless double β-decay experiments and the neutrino electron mass mνe
measured in tritium beta decay experiments. Then, we provide predictions concerning
the Dirac CPV phase δCP and its correlation with the Jarlskog parameter JCP and the
atmospheric angle θ23.
4.1 Neutrino mass spectrum
We begin by investigating through scatter plots the neutrino mass spectrum where we use
the recent upper bound on the sum of neutrino masses from the Planck collaboration;∑
mi ≤ 0.17 eV [61]. Hence, we plot in figure 5 the exact neutrino masses m1, m2 and m3
(denoted by the green, red and orange dots respectively) given in eq. (3.29) and their sum∑
mi (denoted by the blue dots) as a function of the lightest neutrino mass (m1 for NH and
m3 for IH). The neutrino oscillation parameters are taken within their currently allowed
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3σ ranges. For NH (left panel), the allowed range for the lightest neutrino mass is given
by m1 ≈ 0.0043− 0.043 eV, while for IH (right panel) the lightest neutrino mass lies in the
range m3 ≈ 0.0282− 0.041 eV. The allowed ranges of the remaining masses for both mass
hierarchies are as summarized in table 6. As for the sum of neutrino masses, in the normal
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Figure 5. Prediction for the absolute neutrino masses and their sum
∑
mi as a function of m1(m3)
for NH (IH) in the left (right) panels. In both plots, m1, m2, m3 and
∑
mi described by green,
red, orange and blue respectively.
hierarchy case—blue dots in the left panel of figure 5—we have 0.063 eV .
∑
mi . 0.153
eV, while in the inverted hierarchy case—blue dots in the right panel of figure 5—we have
0.14 eV .
∑
mi . 0.17 eV. From these ranges, one can suggest easily the possibility to
obtain more restricted regions of the inverted hierarchy, or even exclude it if the sum of
the light neutrino masses is less than 0.14 eV in the future experiments. Indeed, strong
cosmological studies2 on
∑
mi provided the bound
∑
mi < 0.12 eV at 95% C.L. [80–83]
(A more recent paper provided the bound
∑
mi = 0.11 ± 0.03 eV [84]). Furthermore, to
Neutrino masses NH IH
m1 [0.0043− 0.043] [0.0556− 0.064]
m2 [0.0094− 0.044] [0.0562− 0.065]
m3 [0.0493− 0.066] [0.0282− 0.041]
Table 6. Our model predictions for the three light neutrino masses.
determine the best estimates on the neutrino masses and their sum, we use the best fit
values of the neutrino oscillation parameters given in table 4 as well as the best fit values
of the parameters m0, c and d given in table 5. We find for NH
m1 ' 0.0055 eV , m2 ' 0.0102 eV , m3 ' 0.0503 eV (4.1)
2For more studies on constraining the sum of the light neutrino masses in cosmological models, see ref.
[79] and the references therein.
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while for IH we find
m1 ' 0.0606 eV , m2 ' 0.0612 eV , m3 ' 0.035 eV (4.2)
Consequently, we remark that the masses in the normal hierarchy case are lighter compared
to the inverted hierarchy case, and thus our FNMSSM tends to favor the normal mass
hierarchy over the inverted one. This can be seen also by calculating the best fit of
∑
mi
where we find
∑
mi = 0.06614 eV for NH and
∑
mi = 0.1573 eV for IH. Thus, the later
case is excluded if we consider the aforementioned bounds from cosmological studies.
4.2 Absolute mass scale and the nature of neutrinos
The neutrino oscillation experiments are insensitive to the absolute mass of neutrinos which
is still unknown to this day. However, there are several non-oscillation parameters that are
sensitive to the absolute neutrino mass scale, in particular, the effective neutrino electron
mass mνe that can be measured in tritium beta decay experiments, and the effective Majo-
rana mass mee measured in neutrinoless double beta decay experiments which will provide
information on the nature of neutrinos as well.
(i) Tritium beta decay: The study of electron spectrum near its endpoint in tritium beta
decay is one of the best methods to probe the neutrino mass scale. The KATRIN experiment
is the current generation of direct neutrino mass measurement which is designed to measure
the effective electron neutrino mass with a sensitivity of mνe < 0.2 eV (at 90 % C.L.) [85].
The effective electron neutrino mass is defined as
m2νe =
∑
i
|Uei|2m2i (4.3)
where mi are the three neutrino masses and Uei are the elements of the first row of the
PMNS matrix [86]. In our FNMSSM prototype where the mixing matrix is given by eq.
(3.25), m2νe is given by
m2νe =
1
3
(
2m21 cos
2 θ +m22 + 2m
2
3 sin
2 θ
)
(4.4)
By using this equation and the mass relations for both hierarchies given after table 5, we
plot in figure 6 the parameter mνe as a function of the lightest neutrino mass. The orange
region (green region) is obtained by varying all the input parameters in their 3σ ranges
for NH (IH) while our model values are presented by the blue points (the red points). As
a result, we find that the effective electron neutrino mass and its corresponding lightest
neutrino masse lie in the ranges
mνe(eV) ∈ [0.00959− 0.0439] , m1(eV) ∈ [0.0043, 0.0429] (4.5)
for NH and
mνe(eV) ∈ [0.0554− 0.0638] , m3(eV) ∈ [0.0282− 0.0409] (4.6)
for IH. Notice that the intervals of the lightest neutrino masses are approximately consistent
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Figure 6. The effective neutrino mass mνe as function of the lightest neutrino mass mi. The 3σ
allowed regions for mνe are represented by the orange (green) colors for NH (IH). The blue and red
points refer to the predicted model values for NH and IH, respectively.
with ones obtained in figure 5 showing the absolute neutrino masses as a function of the
lightest one. Although the obtained intervals of mνe are compatible with current data, the
anticipated future sensitivity from Project 8 experiment is as low as 0.04 eV [87], which
means that if no signal is observed around this value in the future there is a good chance
to exclude the inverted mass hierarchy (the smallest value of mνe in our model is 0.0554).
(ii) Neutrinoless Double Beta Decay: The most sensitive probe of the Majorana nature
of neutrinos is provided by the neutrinoless double beta decay experiments (0νββ) which
would also provide a measurement of the absolute neutrino mass scale if it were observed.
Furthermore, since the lepton number L is violated in 0νββ processes, its discovery would
provide a theoretical evidence of physics beyond the SM—which conserves L—and would
also provide a sign of the seesaw mechanisms which imply the existence of a Majorana
neutrino mass terms that violates L. The decay rate of 0νββ is proportional to the squared
of the effective Majorana mass |mee| defined as |mee| =
∣∣∑
i U
2
eimi
∣∣ where mi and Uei are
as defined in the case of the effective electron mass mνe . In our FNMSSM, we substitute
U2ei in |mee| by their expressions in the mixing matrix U˜TM2diag(1, eiα1 , eiα2) (3.25) where
α1 and α2 are the Majorana CP violating phases, we find
|mee| = 1
3
∣∣2m1 cos2 θ +m2eiα1 + 2m3 sin2 θeiα2∣∣ (4.7)
Several experiments such as CUORE [88], EXO [89], NEXT [90], SuperNEMO [91], GERDA
[92] and KamLAND-ZEN [93] are searching for signatures of 0νββ. The most recent bounds
of |mee| come from the KamLAND-Zen and GERDA experiments which are given respec-
tively by
|mee| < 0.061− 0.165 eV , |mee| < 0.15− 0.33 eV (4.8)
Similar to the above discussion on mνe , we plot in figure 7 |mee| as a function of the lightest
neutrino mass for both mass hierarchies and we allow the Majorana phases α1 and α2 to
vary in the range [0−2pi]. The cyan regions are obtained by varying all the input parameters
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Figure 7. mee as a function the lightest neutrino mass for NH (left panel) and IH (right panel).
The colored cyan regions stand for the 3σ allowed ranges of |mee| by neutrino oscillation data
given in Table 4 while the green colored region present the best fit values. The horizontal dashed
lines refer to the upper bound on |mee| from GERDA [51] and KamLAND-ZEN [52], while the
vertical gray band present the upper limit bound on the sum of the neutrino masses from Planck
collaboration. The red points are our predicted model values.
in their 3σ ranges, the green regions correspond to the best fit values while our model values
are presented by the red points. Consequently, we find in the normal hierarchy case (left
panel) that the effective Majorana mass and its corresponding lightest neutrino mass lie in
the ranges
|mee(eV)| ∈ [0.007271− 0.04202] , m1(eV) ∈ [0.00457− 0.04123] (4.9)
and for the inverted hierarchy case (right panel), we find
|mee(eV)| ∈ [0.05519− 0.0641] , m3(eV) ∈ [0.02799− 0.04128] (4.10)
We see that in the normal hierarchy case the allowed range of |mee| as well as its corre-
sponding lightest neutrino mass m1 are smaller than the ranges in the inverted hierarchy
case. Furthermore, the obtained region of the effective Majorana mass in the IH case can be
reached in future experiments like KamLAND-Zen which plans to reach a sensitivity below
0.04 eV on |mee| [94]. As for the NH case, the obtained lower value (∼ 0.007 eV) is far from
any current or future planed sensitivity, however, its higher values (around 0.03 eV) can
be reached in future experiments such as EXO-200, KamLAND2-Zen and GERDA Phase
II with the expected sensitivity are given respectively by (0.015− 0.025) eV [95], 0.02 eV
[96] and (0.01− 0.02) eV [97].
4.3 CPV phase, Jarlskog invariant and octant degeneracy
After the discovery of the non-vanishing reactor angle, the observation of a CPV in the
lepton sector is now possible. One way to measure it is by means of the Jarlskog invariant
parameter defined as JCP = Im(Ue1U∗µ1Uµ2U∗e2). In the PDG standard parametrization,
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this parameter is expressed in terms of the three mixing angles and the Dirac CP phase as
follows [74]
JCP =
1
8
sin 2θ12 sin 2θ13 sin 2θ23 cos θ13 sin δCP (4.11)
By substituting the elements of the neutrino mixing matrix by their expressions given in
eq. (3.25), the Jarlskog invariant takes a simpler form given by
JCP =
1
3
(sin2 θ23 − 1
2
)(1− sin2 θ13) tan δCP (4.12)
where we have expressed cos θ sin θ in terms of sin2 θ13 and sin2 θ23 using eq. (3.27). In order
to have CP violation, the Jarlskog invariant must have non-zero values. Thus, it is clear
from eq. (4.12) that non-zero JCP requires a non-maximal atmospheric angle sin2 θ23 6= 1/2,
sin2 θ13 6= 1 and δCP 6= 0 [pi]. To illustrate further, we show in the top left panel of figure
8 the correlation between the JCP and δCP taking into account the 3σ allowed ranges
of the oscillation parameters; see table 4. The red and green points indicate the predicted
model values for normal and inverted mass hierarchies respectively, while the dashed orange
(cyan) region presents the current limit on δCP for the normal (inverted) mass hierarchy.
It is clear from this figure that JCP 6= 0 which implies that CP is always violated in our
model. Numerically, we find that our model predicts δCP in the ranges
0.07pi . δCP . 0.68pi (4.13)
for NH, while it predicts the ranges
0.08pi . δCP . 0.65pi (4.14)
for IH. On the other hand, the maximal value of the Jarlskog invariant is
|JCP | ' 0.03569(0.036) (4.15)
for NH (IH) which is compatible with the upper bound on
|JCP |max . 0.3599(0.03624) (4.16)
obtained using the current data on the neutrino oscillation parameters [27]. In the top
right panel of figure 8, we show the correlation between sin2 θ23 and δCP where the 3σ
allowed regions of the oscillation parameters are taking into account—the key for this panel
is the same as described for the left panel. It is clear from this plot that the allowed points
of sin2 θ23 for NH (red points) are slightly larger compared to those of IH (green points).
Moreover, we see that the octant degeneracy of θ23 are permitted for both mass hierarchies,
while the maximal value is excluded in our FNMSSM ; θ23 6= pi/4. Thus, the values of δCP
that correspond to the maximal atmospheric angle—namely pi/2 and 3pi/2 with δCP = pi/2
strongly disfavored by current data [25]—are not permitted at all. However, it is clear from
the zoom-in version of the right top panel presented in the bottom panel of figure 8 that
our model predicts the near maximal atmospheric mixing for both mass ordering, which is
compatible with the present data indicating a nearly maximal CPV phase with δCP ≈ 3pi/2,
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Figure 8. The left (right) panel represents the predicted model values for Jarlskog invariant JCP
(atmospheric angle sin2 θ23) as a function of the CP-violating phase δCP . The bottom panel refers
to a zoom around the maximal value of the atmospheric angle. The dashed regions in orange and
blue stand for allowed 3σ ranges for normal and inverted hierarchy respectively.
see for instance [25]. To illustrate further the obtained values of sin2 θ23 and δCP , we use
the second relation in eq. (3.27) where we find a simpler equation for the Dirac phase given
by
cos δCP =
√
2
(sin2 θ23 − 12)(1− sin2 θ13)
sin θ13
(
1− 32 sin2 θ13
)1/2 (4.17)
It is clear that the main problem in determination of the octant sensitivity of the atmo-
spheric angle θ23 arises due to the unknown value of δCP . Thereby, when cos δCP > 0
(cos δCP < 0) we have sin2 θ23 > 12
(
sin2 θ23 <
1
2
)
respectively. Using the 3σ allowed exper-
imental regions for the Dirac phase and eq. (4.17), the range of δCP corresponding to the
LO (HO) of θ23 in the NH case is [1.327pi, 3pi2 [ (]
3pi
2 , 1.94pi]), while for the IH case the range
of δCP corresponding to the LO (HO) is [1.348pi, 3pi2 [ (]
3pi
2 , 1.91pi]). Consequently, we find
that these ranges agree with the correlations shown in the right panel of figure 8.
5 Bypassing domain walls
In this section, we study the problem of domain walls (DWs) induced by the spontaneous
breaking of the discrete flavor symmetry Gf = A4 × Z3 in the flavored NMSSM with
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building blocks as in tables 1-3. Then, we propose a way to bypass these domains in terms
of a perturbation by higher dimensional operators suppressed by powers of the Planck scale
MPl, induced by supergravitaional effect, and by using effective field action Γeff approach.
More precisely, we first study the spontaneous breaking of the non-Abelian discrete A4
group factor of Gf down to its particular subgroups Z3 and Z2 in (2.4) since these breaking
patterns are key points in the study of the DWs in the FNMSSM. Actually, the breaking
A4 → Z3 analysis concerns the charged lepton sector and completes eq. (2.13); while the
breaking A4 → Z2 deals with the neutrino sector and deepen the analysis of eqs. (3.6) and
(3.7). Then, we discuss the induced domain walls in both charged and chargeless lepton
sectors. After that, we provide a solution to this DW issue through the explicit breaking of
the full discrete flavor group by higher dimensional operators contributing to Γeff .
5.1 Domain walls set up
The problem of domain walls in the framework of models based on the A4 discrete symmetry
has been discussed in [98, 99] and recently in [100–102]. Here we consider our FNMSSM
prototype with chiral superfields content as given in tables 1-3 and describe some basic
ingredients to approach domain wall problem in lepton sector by using discrete symmetry
group of the flavor vacua. In section 3, we showed that the generation of the lepton masses
and their mixing angles arises from the spontaneous breaking of two kinds of symmetries:
(i) the continuous SU (2)L × U (1)Y gauge symmetry by giving the VEV υd to the Hd
Higgs superfield as in eq. (2.14); and (ii) the discrete flavor symmetry Gf = A4 × Z3 by
giving non zero VEVs to some components of the Φi,Ωi, χ flavons3. To handle these flavon
superfields, we will imagine the sets Φi,Ωi, χ as components of complex 4d vector space
expansions like
Φ ∼
3∑
i=1
ΦiXi , Ω ∼
3∑
i=1
ΩiXi , χ ∼ χX4 (5.1)
with Xi’s standing for a system of vector basis with some flavon space metric hij = 〈Xi|Xj〉;
the first three directions (X1, X2, X3) are for the A4- triplets and the fourth X4 for singlets.
As these flavon chiral superfields — collectively denoted below by Υ — play an important
role in the analysis of DWs, we start by giving three interesting comments that will be used
to approach DWs in the flavon field space. The first comment concerns the above formal
4d- vector expansions (5.1) which are complex valued developments while we will need real
expansions when looking for representing DWs by real quivers. The two other comments
concern useful features regarding the structure of the DWs viewed from space time as well
as their properties with respect to subgroups of Gf .
• First comment: flavon scalar potential and real VEV quivers
The flavons we are using here are chiral superfields Υ = ξΥ+θψΥ+θ
2FΥ carrying in general a
quantum number of Gf but no gauge charge restricting therefore the gauge invariant kinetic
3Below we will mainly focus on the properties of the non-Abelian part A4 of the flavor symmetry Gf ;
the Abelian factor Z3 can be implemented in a straightforward manner.
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energy density
∑ |DµξΥ|2 just to the ordinary ∑ |∂µξΥ|2 with no couplings with vector
gauge potentials Asu2×u1µ . However, there are flavon interactions — among themselves and
with other chiral superfields of the model — governed by Gf and contributing to the full
classical scalar potential Vtot of the FNMSSM by some real function of the ξΥ scalar fields
to which we refer hereafter to as
Vflavons = V (ξΦ, ξΩ, ξκ; ..)
:= V (ξΥ, ξ¯Υ) (5.2)
and whose supersymmetric part can be read from
∑ |FΥ|2. Recall that, the flavor symmetry
Gf has been implemented by adding an index to the flavon superfields like Υi; for example
the Φ flavon is a triplet under A4 ⊂ Gf ; so it involves three chiral superfields Φ1,Φ2,Φ3 that
couple to each other and to other chiral superfield of the theory in Gf -invariant manner like
in (2.7). Notice also that because of supersymmetry the flavon superfields in the expansion
eq. (5.1) are complex chiral superfields, and their scalar components; in particular the lowest
ξΥ ∼
∑
ξΥiXi — which may have VEVs
〈
ξΥi
〉
that can be used to break symmetries —
are also complex quantities. This complex nature of field variables is somehow a disturbing
thing for later use; especially when searching a real graphic representation of domain walls.
To work around this difficulty, it is interesting to use C ∼ R2 and split the complex flavon
scalars ξΥ and the Xk- generators like ξ = Re ξ + i Im ξ and
Xk ∼
(
Uk
0
)
, i⊗Xk ∼
(
0
Vk
)
, k = 1, 2, 3, 4 (5.3)
where Uk and Vk are real 4d vectors. With this real splitting, we can put the above complex
4d expansions of A4- flavonic representations with respect to Xi’s as real 8-dimensional
vectors like
ξΥ ∼
∑
k
(
Re ξΥk
)
Uk +
∑
k
(
Im ξΥk
)
Vk (5.4)
For example, the real VEV υΦ of the flavon Φ used in the derivation of eq. (2.13) may
be imagined as the modulus of a real 6d vector in R6 ⊂ R8 generated by (5.3). Then,
geometrically speaking, the VEV 〈Φ〉 can be represented by a vector ϕ1U1 pointing in the
first real U1 direction of the (Uk, Vk) vector space. The actions on 〈Φ〉= ϕ1U1 := ϕ by the
two generators S and T of the flavor group A4 generate in general a polygon in the (Uk, Vk)
space with 12 vertices given by
ϕ , ST ϕ , T ST ϕ , T 2ST ϕ
Sϕ , T Sϕ , ST Sϕ , T 2Sϕ
T ϕ , T 2ϕ , ST 2ϕ , T ST 2ϕ
(5.5)
This polygonal graph may be interpreted as the DW quiver viewed from the flavon space
F with completely broken A4. Notice that for the flavon triplet Φ, this F space is parame-
terised by the scalar fields ξΦ1 , ξΦ2 , ξΦ3 and so is isomorphic to C
3 ' R6. Notice also that
DW quivers we are concerned with below correspond to partial breaking of A4 down to a
subgroup Hf ; and then havn’t 12 vertices; but a lower number given by the order of the
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coset A4/Hf . In fact we will encounter two kinds of real quivers that are associated with
two particular spontaneous breaking patterns namely: A4 down to Z3, and A4 down to Z2.
For the first breaking we have T 〈Φ〉 = 〈Φ〉, then the above 12 vertices reduce to 4 ones
defining the vertices of a tetrahedronal quiver in F (see subsection 5.2); and for the second
breaking, we have S〈Φ〉 = 〈Φ〉 and then the 12 vertices reduce to 6 vertices defining an
octahedronal quiver (see subsection 5.3).
• Second comment: Quantum numbers and domain walls
The quantum numbers nGf of the flavon superfields under the non-Abelian discrete sym-
metry Gf were given in tables 2-3 in terms of the characters of the representation group
generators S and T . Recall that the two flavons Φ and Ω transform in the same 3(−1,0)
representation of A4, but they are distinguished by the extra discrete Z3. The χ is a non
trivial singlet under both A4 and Z3, and so a linear term of this superfield in the effective
superpotential Weff (Φ,Ω,χ) breaks completely the Gf flavor symmetry. This χ- property
will be used later on in overcoming the domain wall problem in the neutrino sector by using
effective scalar potential approach; see subsection 5.3 for details.
Moreover, under the breaking of Gf down to a given subgroup Hf ; these nGf quantum
numbers get splited to two subsets nHf and nKf ; the nHf for Hf and the nKf for the coset
Kf = Gf/Hf ; the second subset nKf is important for describing the DWs; it will be used
to deal with the two following things:
(a) the indexing of the splited degenerate vacua 〈ξΥ〉a of the flavon potential V
(
ξΥ, ξ¯Υ
)
;
for convenience, we shall denote these degenerate vacua like 〈ξΥ〉a :≡ ϕa with values for
the index- a given by the nKf of the coset Kf . For the example of Hf = Z3, the index a
takes the values 1, 2, 3, 4; and for Hf = Z3, it takes the values 1, .., 6.
(b) the study of the properties of the network of domain walls viewed from the flavon space
F; in particular the lab DWs interpolating between the various ϕa- vacua whose space time
description correspond to [20–23]
lab = x (ϕb)− x (ϕa) (5.6)
This space time quantity lab can be interpreted as the width of the DWs since it vanishes
for ϕa = ϕb; i.e: laa = 0. A simple explicit expression in terms of the fields ξΥ and ξ¯Υ that
defines the above lab DWs is given by the following integral formula in the space F of flavon
scalars,
lab = ±
∫ ϕb
ϕa
dηΥ√
E + V (ξΥ, ξ¯Υ) (5.7)
with E is a constant standing for the energy density of a static flavon configuration ξΥ;
and where we have set dηΥ =
√
dξ¯ΥdξΥ; the length element in the F space parameterised
by ξΥ, ξ¯Υ. A short way to derive this lab interpolating relation is to use the 4d space time
flavon dynamics described by the following lagrangian density
L4d = ∂µξ¯Υ∂µξΥ − V
(
ξΥ, ξ¯Υ
)
(5.8)
and look for a relation that links the space time differentials dxµ and the flavon potential
V (ξΥ, ξ¯Υ). From the above L4d one can derive the flavon field equations of motion that we
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express like
ξ¨Υ − ~∇
2
ξΥ −
∂V
∂ξ¯Υ
= 0 (5.9)
together with the complex conjugate. By considering time independent flavon field config-
urations; i.e: ξ˙Υ = 0, and restricting the static 3d- space to one space direction — planar
DWs — by setting ξΥ (t, x, y, z) ≡ ζΥ (x) with no y nor z dependence, the above L4d la-
grangian density reduces to L1d = −ζ¯ ′Υζ ′Υ−V
(
ζΥ, ζ¯Υ
)
. In this case, the 1d- field equations
of motion resulting from L1d read as follows
d2ζΥ
dx2
− ∂V
∂ζ¯Υ
= 0 ,
d2ζ¯Υ
dx2
− ∂V
∂ζΥ
= 0 (5.10)
By multiplying the first equation by dζ¯Υdx and the second one by
dζΥ
dx ; then, adding the two
obtained relations, we end with a conserved expression dEdx = 0 with energy density like
E =
(
dζ¯Υ
dx
)(
dζΥ
dx
)
− V (5.11)
This conserved expression leads in turns to a relationship between the dx differential in x-
space and the dηΥ differential in the ζΥ- field space; it read as (E + V) dx2 = dη2Υ with
dη2Υ = dζ¯ΥdζΥ and; by taking the square root, we then have
dx = ± dηΥ√E + V (5.12)
which by integration between two given vacua (ϕa,ϕb) of the flavon scalar potential, we
discover (5.7). Later on, we shall think of the simple expression dηΥ√E+V in (5.12) as a
typical hermitian 1-form $1 = 1√E+V dηΥ in the flavon space F that characterise the DWs
interpolating between two vacua ϕab = [ϕa,ϕb]. So, we can also express (5.7) by using $1
language like
lab = ±
∫
[ϕa,ϕb]
$1 (5.13)
that is an integral of the 1-form $1 on a compact line ϕab with boundaries given by the
critical points of the flavon potential. This formula is suggestive in the sense that permits
to think of generic DWs extending between p- vacua in F as given by multi-integrations over
$p−1 forms on the flavon space F; for the cases of p=3 and p=4, see eqs. (5.36,5.38,5.39)
given below.
• Third comment: Cosets A4/Z3 and A4/Z2
The order of the discrete alternating A4 is equal to 12 ; the same as the product 4×3 which
is the order of semi- product of V4nZ3 where V4 is the Klein group. This order four group
V4 is Abelian and can be expressed like the product of two Z2 copies; that is V4 ∼ Z2×Z2.
To distinguish these two Z2 copies, we shall think of S as the generator of the first Z2
and use a different S ′ to refer to the generator of the second copy that we denote like Z′2.
Notice that according to eq. (2.4), there exists a third Z′′2 subgroup inside the alternating
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A4 whose generator will be denoted below as S ′′ and is related to the generators of the two
other Z2’s like S ′′ = SS ′ = S ′S.
In the basis where T is diagonal; i.e: T = diag (1, ω¯, ω), the matrix representations of these
S, S ′ and S ′′ are given by
T =
 1 0 00 ω¯ 0
0 0 ω
 , S = 13
−1 2 22 −1 2
2 2 −1

S ′ = 13
−1 2ω 2ω¯2ω¯ −1 2ω
2ω 2ω¯ −1
 , S ′′ = 13
−1 2ω¯ 2ω2ω −1 2ω¯
2ω¯ 2ω −1

(5.14)
satisfying the properties S2 = S ′2 = S ′′2 = I and
S ′ = T ST −1 , S ′′ = T 2ST −2 (5.15)
Observe that the sum of entries of the rows of S and S ′ matrices are equal;∑i Sij = 1 and∑
i S ′ij = −1, two properties that will be useful later on when studying the breaking of A4
in the neutrino sector. Observe also that by giving a VEV to the complex Φ- flavon like4
〈Φ〉 = υΦ
 10
0
 (5.16)
the alternating A4 gets broken down to a subgroup Z3 with broken part given by coset
A4/Z3 ∼ V4 that characterise the splited vacua. The breaking A4 → Z3 is explicitly
exhibited on the matrix representation (5.14) of the generators of A4 which show that
T 〈Φ〉 = 〈Φ〉 , T 3 = Iid
S 〈Φ〉 6= 〈Φ〉 , S2 = Iid
S ′ 〈Φ〉 6= 〈Φ〉 , S ′2 = Iid
(5.17)
where T generates Z3. With this choice of VEV, one gives masses to the charged leptons
that are proportional to υΦΛ as shown in the superpotential (2.13); but also induces DWs to
be studied with details in next subsection. If instead of Φ, we give a non zero VEV to the
Ω- flavon by choosing the three VEVs equal like5
〈Ω〉 = υΩ
 11
1
 (5.18)
the discrete A4 symmetry group gets broken down to a Z2 subsymmetry with broken part
given by the coset A4/Z2 behaving like Z3 × Z2. This breaking may be directly checked
4 In the real basis (5.3), this VEV may be imagined as 〈Φ〉T = (υΦ, 0, 0, 0, 0, 0) .
5 In the real basis (5.3), this VEV is given by 〈Ω〉T = υΩ (1, 0, 1, 0, 1, 0) .
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from eq. (5.14) showing that
S 〈Ω〉 = 〈Ω〉 , S2 = Iid
T 〈Ω〉 6= 〈Ω〉 , T 3 = Iid
S ′ 〈Ω〉 6= 〈Ω〉 , S ′2 = Iid
(5.19)
with S generating Z2. Notice that the breaking of A4 down to a Z2 can be also realised
by the non trivial A4- singlet χ whose VEV υχ preserves Z2 since, according to table (3)
based on the characters of S and T , we have
S 〈χ〉 = 〈χ〉 , T 〈χ〉 = e 2ipi3 〈χ〉 (5.20)
In what follows, we study separately these two breaking patterns A4 → Z3 (for charged
leptons) and A4 → Z2 (for neutrinos); they are respectively realised by the VEVs of the
flavon triplets Φ and Ω. As an ultimate goal of this study, we aim to describe with details
the induced domain walls in the flavored NMSSM with building blocks as in tables 1-3 and
provide a solution for the neutrino sector where DWs are inevitable.
5.2 Domain walls in charged lepton sector
In this subsection we study the domain walls in the charged lepton sector in the flavored
NMSSM which are induced by the breaking A4 → Z3. We will show that the DWs in
this sector are not problematic due to our estimation of the lower bound of υΦ VEV which
happens to be greater than the inflationary scale which is around 1014 GeV. To that purpose,
we first describe the properties of the building blocks in our flavored NMSSM prototype
after the A4 → Z3 breaking. Then, we analyse the properties of the splited degenerate
vacua in the space F of flavons as well as the structure of the induced domain walls.
5.2.1 Breaking pattern of A4 to Z3
We start from the list of eq. (2.4) concerning the discrete alternating A4 group that acts on
a given four- states system say {|X1〉 , .., |X4〉}. From this table, we learn that A4 may be
spontaneously broken down to any one of the subgroups in (2.4) by choosing appropriate
VEV directions. In the case where A4 is broken down to one of the four possible Z3’s living
inside of A4; say to the subgroup given by
Z3 = {Iid, (123) , (132)} (5.21)
with point |X4〉 fixed, only the T generator of the Z3 subsymmetry of A4 survives; the
other S generator gets broken. By taking T = (132); then we have (123) = T −1 = T 2 and
so Z3 is just the set
Z3 =
{
I, T , T 2} (5.22)
with T 3 = I. In this picture, T can be represented by a diagonal 3×3 matrix with eigen-
values
(
1, ω, ω2
)
and its typical eigenvectors X ′q are respectively given by
X ′1 = X1 +X2 +X3
X ′2 = X1 + ω
2X2 + ωX3 (5.23)
X ′3 = X1 + ωX2 + ω
2X3
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For later use, notice the three following features: (a) In the Xi- basis, the generator S acts
as (X1, X2, X3) → (X1,−X2,−X3) and it is represented by a non diagonal matrix given
by eq. (5.14). (b) The analogue of the character relation (2.2) of A4 reads in the Z3 case
as follows
Z3 : 3 = (1)2 +
(
1′
)2
+
(
1′′
)2 (5.24)
showing that there are three kinds of one- dimensional representations which, by using
characters, can be denoted like 1 = 11, 1′ = 1ω and 1′′ = 1ω¯. Notice moreover that by
breaking A4 down to the above Z3, the S generator is no longer a conserved symmetry. So,
the triplet 3(−1,0) should be imagined as 30 where we have kept only the character of T ;
and then can be decomposed in terms of irreducible representations like
30 = 11 ⊕ 1ω ⊕ 1ω¯ (5.25)
since all irreducible representations of Z3 are one- dimensional. The broken part of the
symmetry is given by the coset K = A4/Z3; it has an order 4 and behaves like V4.
The new quantum numbers of the superfields of tables (2) and (3) get replaced, after the
breaking A4 → Z3, by the following ones:
Superfields Li ec µc τ c N ci
Z3 11 ⊕ 1ω ⊕ 1ω¯ 11 1ω 1ω¯ 11 ⊕ 1ω ⊕ 1ω¯
Z3 1Q 1Q 1Q 1Q 1Q¯
Table 7. Lepton and right-handed neutrino superfields and their quantum numbers under Z3×Z3.
Superfields Hu Hd Φi Ωi S χ
Z3 11 11 11 ⊕ 1ω ⊕ 1ω¯ 11 ⊕ 1ω ⊕ 1ω¯ 11 1ω¯
Z3 11 1Q 11 1Q¯ 1Q¯ 1Q¯
Table 8. Higgs and flavon superfields and their quantum numbers under Z3 ×Z3.
Using eq. (2.13) from which we learn that the bilinears ecLe, µcLµ and τ cLτ are invariant
under Z3, it follows then the following quantum numbers
superfields Le ec Lµ µc Lτ τ c Φ1
Z3 11 11 1ω¯ 1ω 1ω 1ω¯ 11
Z3 1Q 1Q 1Q 1Q 1Q 1Q 11
(5.26)
Similarly, we learn from (3.6), the following assignments of the quantum numbers
superfields Hu Hd N c1 N
c
2 N
c
3 Ω1 Ω2 Ω3 S χ
Z3 11 11 11 1ω¯ 1ω 11 1ω 1ω¯ 11 1ω¯
Z3 11 1Q 1Q¯ 1Q¯ 1Q¯ 1Q¯ 1Q¯ 1Q¯ 1Q¯ 1Q¯
(5.27)
As a check, the monomials Sνceνce, Sνcµνcτ , νcµνcτΩ1, νcτνcτΩ2, νceνcµΩ2, νcµνcµΩ3 and νceνcτΩ3
involved in eq. (3.6) are invariant under discrete Z3.
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5.2.2 Vacua and unproblematic domain walls
After the breaking of the discrete A4 down to Z3, the flavon vacua 〈Φ〉 sit in four degenerate
points ϕ1,ϕ2,ϕ3,ϕ4 in the flavon space F. As the quantum number of these vacua is given
by the coset A4/Z3, it follows that the induced domain walls (5.7) are characterised by the
Klein four- group V4.
Recall that the flavor A4 group is isomorphic to the semi-direct product V4 n Z3 with V4
isomorphic to Z2 × Z′2 and group elements as in eq. (2.3). One of the two Z2 factors in
V4 is generated by the previous S while the other Z′2 is generated by S ′ whose expressions
are given by (5.14). Thus, in order to investigate the domain walls extending between the
degenerate vacua of the model created by the spontaneous breaking of the non-Abelian
A4 group down to Z3, it is enough to use properties of its Abelian subgroups Z2 and Z3.
Indeed, by thinking of A4 like V4 n Z3, the breaking of the flavor symmetry driven by the
flavon triplet Φ in the charged lepton sector may be expressed as
V4 n Z3 ×Z3 〈Φ〉−→ Z3 ×Z3 (5.28)
So, the domain walls separating the ϕ1,ϕ2,ϕ3,ϕ4 flavon vacua can be completely charac-
terised by the elements of the broken Klein symmetry V4 ' Z2×Z2 living inside A4. Being
associated with V4, these vacua are then related to each other by V4 transformations as
sketched on the following diagram
ϕ2
upslope 
ϕ1 0 ϕ4
 upslope
ϕ3
(5.29)
where the centre 0 refers to the singular situation where all four ϕa’s vanish identically
— υΦ → 0. So, at this singular point lives the full A4 symmetry including its four Z3
subsymmetries. The ϕ1,ϕ2,ϕ3,ϕ4 have same ground state energy and can be obtained
by acting on the Z3- invariant vacuum (5.16) by the V4 generators S and S ′. By taking
ϕ1 = 〈Φ〉 as in eq. (5.16), we then have
ϕ2 = Sϕ1
ϕ3 = S ′ϕ1
ϕ4 = S ′′ϕ1
(5.30)
where we have set S ′′ = SS ′ = S ′S. Notice that ϕ4 can be also obtained from ϕ2 or from
ϕ3; the relations are respectively given by ϕ4 = S ′ϕ2 and ϕ4 = Sϕ3. Using eqs. (5.16)
and (5.14), we can express the four vacua explicitly in C3 as follows
ϕ1 = υΦ
 10
0
 , ϕ2 = υΦ3
−12
2

ϕ3 =
υΦ
3
−12ω¯
2ω
 , ϕ4 = υΦ3
−12ω
2ω¯

(5.31)
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with ω = −12 +i
√
3
2 . In the vector basis (5.4), we have to use real variables; so the dimension
of the above vectors has to be doubled; for instance we haveϕT4 =
υΦ
3
(−1, 0,−1,√3,−1,−√3).
Observe that the four ϕa vacua define four particular vectors in the complex three- (real
six-) dimensional space C3 ∼ R6 of possible vacua of the Φ- flavon. As these vectors are
constrained like
ϕ1 +ϕ2 +ϕ3 +ϕ4 = 0 (5.32)
they define a tetrahedron with Kahler modulus given by Re υΦ. By using the (X,Y, Z)
basis vectors; we can express the four ϕa’s like 1⊕3, the sum of a singlet and a triplet with
respect to the generator T . The singlet is given by
ϕ1 = υΦX , T ϕ1 = ϕ1 (5.33)
and the remaining three others form a 3-cycle (ϕ2,ϕ3,ϕ4) with components as follows
ϕ2 =
υΦ
3
(−X + 2Y + 2Z)
ϕ3 =
υΦ
3
(−X + 2ω¯Y + 2ωZ) (5.34)
ϕ4 =
υΦ
3
(−X + 2ωY + 2ω¯Z)
Using the expression of T given by eq. (5.14), one can easily check that they obey indeed
the cyclic property
T ϕ2 = ϕ3 , T ϕ3 = ϕ4 , T ϕ4 = ϕ2 (5.35)
From the above relations, we learn that we indeed have the remarkable identity
∑
iϕi = 0
that leads in turns to ϕ1 = − (ϕ2 +ϕ3 +ϕ4). Observe also that for a fixed value of υΦ, the
four ϕ1,ϕ2,ϕ3,ϕ4 are given by four special points in the three dimensional F ' C3. These
points define the four vertices of a homogeneous tetrahedron given by the figure 9. Thus,
from the view of the space of the flavon Φ, the domain walls separating the four vacua (i.e:
vertices) are encoded in a non regular 3d geometry having: (α) six 1- dimensional edges
that we denote like ϕab = (ϕa,ϕb) with domain walls given by (5.7) namely
lab = ±
∫
ϕab
$1 (5.36)
with hermitian 1-form $1 = $1
(
ξΦ, ξ¯Φ
)
given by
$1 =
dϕ√
E + V (ξΦ, ξ¯Φ) , dϕ2 =
3∑
i=1
dξ¯ΦidξΦi (5.37)
(β) four triangular surfaces T abc with vertices (ϕa,ϕb,ϕc), one of them is given by T234
— the face with yellow colour in 9. In this case, the domain walls extending between
(ϕa,ϕb,ϕc) are given by
Sabc = ±
∫
T abc
$2 (5.38)
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where $2 = $2
(
ξΦ, ξ¯Φ
)
— generalises the above 1- form $1 — is a hermitian 2-form living
on F and dependent as well on the flavon scalar potential V (ξΦ, ξ¯Φ). (γ) the bulk of the
tetrahedron H1234 with vertices (ϕ1,ϕ2,ϕ3,ϕ4) leading to
V 1234 = ±
∫
H1234
$3 (5.39)
where now $3 = $3
(
ξΦ, ξ¯Φ
)
is a hermitian 3-form on F. Notice that for the limit υΦ → 0,
all four ϕ1,ϕ2,ϕ3,ϕ4 vacua merge at the origin O of F — the centre of the tetrahedron —
where lives the full A4 symmetry. In this singular limit, the DWs disappear. Notice also
that on the Oϕ1 axis normal to T 234 face of the tetrahedron; it lives a Z3 subsymmetry of
A4. In fact, on each of the four Oϕa axes, passing through the centre O and the vertices ϕa,
lives one of the four Z3 subsymmetries (2.4) of the discrete A4 characterising the flavored
NMSSM.
Figure 9. Four vacua ϕa related to each other by V4 transformations. They define the four vertices
of a tetrahedron with Z3 axes Oϕa. It is interpreted here as the DWs quiver in the flavon space F.
Dashed green lines represent the four Z3 subsymmetry axes of A4.
Notice moreover that from eq. (5.29) we learn that one can also use the elements {I,S,S ′,SS ′}
of the V4 to describe the four degenerate vacua (5.31) and then the quivers representing
the DWs. Indeed, seen that the Klein V4 is isomorphic to Z2 × Z2, the set {I,S,S ′,SS ′}
can be then factorised in three manners as follows
Z2 × Z′2 = {I,S} ×
{
I,S ′}
Z2 × Z′′2 = {I,S} ×
{
I,S ′′} (5.40)
Z′2 × Z′′2 =
{
I,S ′}× {I,S ′′}
with S ′′ = SS ′ and S2 = (S ′)2 = (S ′′)2 = I. Thus, we can represent the domain walls
extending between the vacua by a real quiver diagram similar to figure 9; but with vertices
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given by the group elements of V4 = {I,S,S ′,SS ′}. In this case, the Z2 subgroups of V4
are associated with edges of the tetrahedron with a boundary point given by I and the other
boundary by one of the three other vertices. The four Z3 subsymmetries are associated with
the four faces T abc of the diamond. Indeed, we can write down an explicit correspondence
between the vacua ϕa and the elements of V4. For example, for the three ϕ1a edges, we
have the following
(I,S) ↔ ϕ12(
I,S ′) ↔ ϕ13 (5.41)(
I,S ′′) ↔ ϕ14
By using (5.30), the vertex ϕ1 is represented by the identity I and the vertex ϕ2 by the
generator S. A similar thing is valid for the other ϕ13 and ϕ14 edges with one vertex given
by ϕ1 and the other by ϕ3 or ϕ4. The three other remaining edges ϕ23,ϕ24 and ϕ34 can
be interpreted as follows
ϕ23 ↔
(S,S ′) = S × (I,S ′′) ↔ Sϕ14
ϕ24 ↔
(S,S ′′) = S × (I,S ′) ↔ Sϕ13 (5.42)
ϕ34 ↔
(S ′,S ′′) = S ′ × (I,S) ↔ S ′ϕ12
where for instance, ϕ23 is just the transformation of ϕ14 under S. Notice also that the face
T 234 is associated with (S,S ′,S”) and is related with the Z3 subsymmetry of A4; so
T 234 ↔ Z3 =
{
I, T , T 2} (5.43)
with T = (234). The domain walls induced by the breaking A4 → Z3 may be also described
by using characters of the Klein four- group V4 as in figure 10. These characters are given by
(+,+) , (−,+) , (+,−) , (−,−) respectively associated with the group elements I,S,S ′,SS ′.
After this graphic description of DWs in the VEV space F, we are now in position to address
Figure 10. A quiver diagram representing domain walls using characters of the generators of
the Klein group. The four vertices correspond to the four degenerate vacua, while the edges that
connects the four vertices stand for domain walls.
the question on whether these domain walls of the FNMSSM are problematic in the charged
lepton sector or not. The answer is fortunately no!; it is due to the very high energy scale
where the spontaneous breaking of the discrete group A4 → Z3 takes place. In this regard,
recall that the inflation based scenario might be a nice approach to bypass DWs provided the
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inflationary scale; say around O(1014) GeV [103, 104], is lower than the flavor symmetry
breaking scale. In this case, the DWs are formed before the end of inflation at scales
comparable to the GUT scale [103]. Hence, assuming that the cutoff scale Λ associated to
A4 breaking given in eq. (2.15) is of order of the SUSY- GUT scale MGUT ∼ 2× 1016 GeV,
we find by using (2.15) the following lower bound of the flavon VEV
υΦ > 1.4× 1014 GeV (5.44)
Therefore, the flavon triplet Φ acquired its VEV before the end of inflation; thus, in the
charged lepton sector the discrete A4 symmetry is broken at a scale that is above the
inflationary scale. Consequently, the domain walls produced in this case are inflated away
[103]; and one is left with the Z3 invariant ground state ϕ1.
5.3 Domain walls in neutrino sector
In this subsection we study the domain walls in the chargeless lepton sector of the flavored
NMSSM and show that they are really problematic. Recall that in the neutrino sector, the
breaking pattern corresponds to A4 → Z2; and can be driven either by the VEV of the
flavon Ω; or by the VEV of the singlet χ. This feature may be observed from the properties
of the quantum numbers given by table 3. So, we first study the breaking A4 → Z2 by using
a diagonal VEV in case of the flavon Ω; then we make comments on the breaking using χ.
5.3.1 Breaking A4 to Z2 by flavon Ω and stable domain walls
By using the flavon Ω, the breaking A4 → Z2 is realised by eq. (5.18). Clearly, this
particular flavon triplet Ω vacuum aligned along the diagonal of the complex space F ' C3
is not a symmetry of T ; but preserves the S generator,
S 〈Ω〉 = 〈Ω〉 , T 〈Ω〉 6= 〈Ω〉 (5.45)
These relations can be explicitly checked by using the matrix representations of T and S
given by eq. (5.14). As a consequence of this breaking of A4 down to Z2 = {I,S}; the
quantum charges of the right-handed neutrino N ci and the lepton doublets Li superfields
under the Z2 residual symmetry can be deduced directly from tables 2 and 3; they read as
follows
Superfields Li N ci
Z2 1− ⊕ 1− ⊕ 1− 1− ⊕ 1− ⊕ 1−
Z3 1Q 1Q¯
Table 9. Lepton and right-handed neutrino superfields and their quantum numbers under Z2×Z3.
and
Therefore we have the following symmetry transformations
νce → −νce , Le → −Le
νcµ → −νcµ , Lµ → −Lµ
νcτ → −νcτ , Lτ → −Lτ
(5.46)
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Superfields Hu Hd Φ Ω S χ
Z2 1+ 1+ 1− ⊕ 1− ⊕ 1− 1− ⊕ 1− ⊕ 1− 1+ 1+
Z3 11 1Q 11 1Q¯ 1Q¯ 1Q¯
Table 10. Higgs and flavon superfields and their quantum numbers under Z2 ×Z3.
while the right-handed charged leptons are Z2 even, because the singlet representations
(1(1,1), 1(1,ω), and 1(1,ω2)) transform trivially under S, see eq. (7.2) of Appendix A.
By substituting A4 by V4 n Z3 and the four order group by V4 by Z2 × Z′2, the breaking
pattern A4 → Z2 can be expressed like(
Z2 × Z′2
)
n Z3
〈Ω〉−→ Z2 (5.47)
This breaking mode shows that the induced domain walls are characterised by the broken
part of the alternating A4 flavor symmetry which may naively be presented as follows
A4/Z2 ∼ Z′2 n Z3 (5.48)
In this coset, the Z2 and Z′2 groups are halves of the Klein four- group V4 respectively
generated by S and S ′= T ST −1. The Z3 is generated by T , it is one of the four kinds of
Z3 subgroups inside of A4. Under the breaking (5.47), the initial A4 invariant vacuum gets
now splited into six vacua with same energy
〈Ω〉i ≡ ϑi , i = 1, ..., 6 (5.49)
In the space F of flavons, these vacua define the six vertices of a homogeneous octahedron∑6
i=1 ϑi = 0 embedded in R6 ∼ C3 as schematised in figure 11. Notice that one of the six
Figure 11. The six vacua define the vertices of a homogeneous octahedron of Kahler modulus υΩ.
While the edges stand for the domain walls interpolating between these six degenerate vacua.
vacua (5.49), say ϑ1, is just the Z2- invariant vacuum eq. (5.18); that is ϑ1 = 〈Ω〉. By using
the basis vectors X,Y, Z, it can be expressed as follow
ϑ1 = υΩ (X + Y + Z) (5.50)
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and points in the diagonal direction of the complex 3d (real 6-) space. To get the remaining
five other ϑi vacua, we act on this ϑ1 by the S ′ and T generators of Z′2 n Z3. As the S ′
acts on ϑ1 like a reflection: ϑ1 → −ϑ1, it is instructive to denote the six ϑi vacua like ϑ±α
with α = 1, 2, 3. Using the explicit expression of S ′ and T , we obtain
ϑ±1 = ±υΩ (X + Y + Z)
ϑ±2 = ±υΩ (X + ω¯Y + ωZ) (5.51)
ϑ±3 = ±υΩ (X + ωY + ω¯Z)
Explicitly, we have
ϑ±1 = ±υΩ
 11
1
 , ϑ±2 = ±υΩ
 1ω¯
ω
 , ϑ±3 = ±υΩ
 1ω
ω¯
 (5.52)
with the transformation relations
ϑ±1 , ϑ
±
2 = T ϑ±1 , ϑ±3 = T ϑ±2 , S ′ϑ±i = ±ϑ±i (5.53)
with S ′ = T ST −1. Notice the real VEV υΩ of the chiral superfield Ω, which breaks A4 as
in (5.47), breaks as well the extra Z3 symmetry6.
Notice also that contrary to the charged sector, domain walls induced by the breaking
pattern A4 → Z2 in the neutrino sector are problematic. This difficulty may be viewed
by considering eq. (3.28) and the best fit values of the model parameters given in table 5
namely
m0 =
yυ2u
2λ′υΩ
, c =
λ
λ′
× υS
υΩ
, d =
λ′′
λ′
× υχ
υΩ
(5.54)
By plotting the correlation between VEVs and the couplings for three different values of
the Dirac Yukawa coupling y
υΩ = f
(
λ′
)
, υχ = g
(
λ′′
)
for y = 10−3, 10−4, 10−5 (5.55)
as shown on the left and right panels of figure 12, we observe that υΩ decreases when λ′
increases; and similarly υχ decreases when λ′′ increases. We also have υχ . υΩ. Moreover,
as it can be seen on figure 12, the upper limit values υmaxΩ and υ
max
χ are less or approximately
equal to 108 GeV and the lower limit values are around of the scale MW ,
102 - υχ, υΩ - 108 GeV (5.56)
The upper VEV bounds are then much smaller from the inflationary scale; and moreover
values around SUSY and electroweak scales are allowed. Consequently, the domain walls
in the neutrino sector of the flavored NMSSM are created below the inflationary scale;
they are inevitable and then inconsistent with the standard cosmology [105]; they must be
avoided. In order to circumvent this domain wall problem, we break explicitly the Z′2 nZ3
symmetry (5.48) permuting the six degenerate vacua. This will be done by using higher
order Planck-suppressed operators O
(
1
MPl
)
. But before that, let us give a comment on
the A4 → Z2 breaking pattern using 〈χ〉.
6Notice that the domain walls created by this extra Z3 symmetry during the breaking pattern eq. (5.47)
in the neutrino sector will disappear together with the ones from the broken A4.
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Figure 12. The variation of υΩ (left panel) and υχ (right panel) as a function of λ′ and λ′′
respectively for different values of the Dirac Yukawa coupling y.
5.3.2 More on domain walls from breaking A4 to Z2 by flavon singlet
In the breaking by the VEV of the flavon singlet χ, the analogue of the six vacua (5.51) are
given by six degenerated 〈χ〉i that we denote like
ζ±1 = ±υχX4
ζ±2 = ±ωυχX4 (5.57)
ζ±3 = ±ω¯υχX4
where ω = e
2ipi
3 and where X4 is as in (5.1). These vacua can be obtained by starting from
ζ+1 and acting by the S ′ and T generators of Z′2 n Z3. They obey the property
3∑
α=1
ζ+α =
3∑
α=1
ζ−α = 0 (5.58)
and so can be represented by a 2d hexagon. Indeed, by using the real basis vector (5.3); we
can express theXT4 and i⊗XT4 directions respectively like (1, 0) and (0, 1); then substituting
back into the above vacua, we obtain after setting ~ζi = (Re ζi, Im ζi) the following real VEVs
~ζ
±
1 = ±
(
υχ
0
)
, ~ζ
±
2 = ±
(
−υχ2√
3
2 υχ
)
, ~ζ
±
3 = ±
(
−υχ2
−
√
3
2 υχ
)
(5.59)
defining the vertices of a hexagonal quiver diagram given by figure 13 representing as well
the DWs extending between the six vertices.
5.4 Solving the DW problem in neutrino sector
To start, recall that several ways have been suggested in the literature to overcome the
domain wall problem induced by breaking discrete symmetries of the degenerate vacua;
the simplest one being inflation [18]. Another interesting method to solve the domain wall
problem is that the discrete symmetry must be broken explicitly before the spontaneous
– 39 –
Figure 13. A quiver diagram representing domain walls using characters of the generators of
Z′2 × Z3. The vertices correspond to the six vacua, while the domain walls are represented by line
segments (edges) interpolating between the six vacua.
breaking takes place [106]. It was shown in refs. [20, 107–111] that the last method can
be achieved by introducing higher dimensional operators 1MnPlOn+3 suppressed by powers of
the Planck scale MPl leading to favor one of the vacua over the others, and consequently
no walls will be formed and the domain wall problem is resolved; for NMSSM see [70].
Moreover, an analysis has been performed in refs. [113, 114] proves that the relevant non-
renormalizable operators On+3 that solve the problem are the odd superpotential terms (n
even integer).
In the present paper, we follow ref. [112] that adopts the later approach and we break
the A4 × Z3 flavor symmetry explicitly via higher dimensional operators—Planck scale
operators—of order five. However, we should notice that there also are higher dimensional
operators of order four (operators suppressed by one inverse power of the Planck mass)
that must be eliminated. We do not go into details here but we point out that this can
be realized by invoking an additional symmetry such as extra Z2 or Z5 R-symmetries; for
details in this direction see for instance refs. [113, 114].
For our concern, the A4×Z3 invariant superpotential Wscal restricted to the Higgs doublet
Hu,d, the gauge singlet S and the flavon superfields χ, Ω, Φ is as follows
Wscal = λ1SHuHd + λ2S
3 + λ3Ω
3 + λ4Φ
3 + λ5χ
3
+λ6SΩ
2 + λ7χΩ
2 + µΦΦ
2 (5.60)
The non-renormalizable operatorsWNR of order five operators —suppressed by two inverse
powers of the Planck mass—that break the full discrete symmetry group of our model can
be chosen as given by a perturbation δWscal of one of the trilinear couplings that already
exist in the scalar superpotential (5.60). Thus, we are left with multiple choices for order
five operators where the most suitable one that can break explicitly the full A4×Z3 flavor
symmetry down to Z2 is given by the following operator
WNR = λ
′
5
M2Pl
χ5 (5.61)
and, at quantum level, is represented by the Feynman diagram in figure 14 contributing to
the effective potential Veff . Higher dimensional operators of order five that can contribute
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to the explicit breaking of the full flavor group are shown in Appendix C.
The choice of aboveWNR has been motivated by the fact that the flavon χ transforms as a
non-trivial singlet under both A4 and Z3 symmetries7. Moreover, this flavon creates its own
walls during the spontaneous breaking of the full discrete symmetry Gf . For the breaking of
A4, the DWs are located on the boundaries of the six degenerate vacua given in eq. (5.57)
and figure 13. We note that the other five- dimensional operators (given in Appendix C) do
not present any risk on the phenomenology of the model, since their contributions at low
energy theory are generated through the same tadpole diagram presented in figure 14 with
a factor difference depending on the coupling constant used in the perturbation term. By
Figure 14. The tadpole diagram for the non-renormalizable term in eq. (5.61).
using the Feynman rules of supergraphs8 [115–117], we obtain the following contribution to
the effective scalar potential
δVeff = ηM3W (χs + χ∗s) + ηM2W (χF + χ∗F ) (5.62)
where χs and χF are respectively the scalar component and the F-term of the flavon super-
field χ =χs+θχψ +θ
2χF ; theMW is the scale of the electroweak theory and η =
λ25λ
′
5
(16pi2)3
. It
is clear that this operator induces a linear term in the soft SUSY breaking scalar potential—
the full soft SUSY breaking terms are given by eq. (7.9) of Appendix B—expressed as
Vsoft ⊃ ηM3Wχs + h.c (5.63)
and since the flavon χ transforms non trivially under A4 × Z3 flavor symmetry, the term
in eq. (5.63) breaks explicitly A4 × Z3 down to Z2. This contribution creates an energy
7 It is clear that the non-renormalizable operator given in eq. (5.61) will have negligible effect on the low
energy phenomenology, considering the fact that this operator is suppressed by two power of the Planck
mass.
8 For the detailed calculations that led to the term given in the effective potential δVeff , see the analysis
given in Appendix C.
– 41 –
gap among the degenerate vacua of the flavon χ (5.57) with energetically dominant vacuum
given by the ζ+1 of (5.57) whose region in space start to expand and thus pushing the walls
away.
6 Summary and conclusion
Motivated by the recent progress in describing neutrino masses and mixing consistent with
current data by using non-Abelian discrete flavour symmetries as well as their possible
implications in cosmology, we have explored in this paper the neutrino phenomenology in
a flavored NMSSM based on the non-Abelian discrete symmetry Gf = A4 × Z3 bypassing
domain walls. To perform this investigation, we have first studied the extension of the
usual NMSSM with Gf and three right-handed neutrino in order to engineer appropriate
neutrino masses and mixing. Then, we have analysed the phenomenological implications of
this FNMSSM including the problem of domain walls and provided a solution to this issue
by using the breaking of the flavour symmetry and the effective scalar potential approach.
In our modeling, the non-Abelian alternating A4 group has been motivated by its simplest
and its straightforwardness to describe the µ − τ symmetry, while the extra Z3 discrete
symmetry plays several roles such as avoiding the communication between the charged
lepton and neutrino sectors, solving the usual µ-problem of the MSSM and eliminating
unwanted terms in the superpotential. This FNMSSM is also motivated by the several
implications carried by the NMSSM singlet superfield S where in addition to its role of
dynamically generating the µ-term and its contribution to the Higgs mass, here it also
contributes to the neutrino masses.
Indeed, the first main objective of this paper is to study the neutrino masses and mixing and
their phenomenological implications. First, we showed that the light neutrino mass matrix
of the TBM type arise at the renormalizable level through the type I seesaw mechanism;
this is achieved by using the A4 representation properties and only one A4 flavon triplet Ω
where we made use of the singlet S in the Majorana neutrinos mass matrix. Then, in order
to generate neutrino masses and mixing compatible with the experimental data, we have
added one extra flavon singlet χ to induce a deviation from the TBM pattern. The adopted
deviation leads to the well-known trimaximal mixing predicting non zero reactor angle θ13
as well as a non maximal atmospheric angle θ23. Next, we studied the phenomenological
implications of the neutrino sector where by using the 3σ allowed ranges of the oscillation
parameters, we showed through scatter plots the allowed ranges for the sum of neutrino
masses
∑
mi, the effective Majorana neutrino mass mee, the effective electron neutrino
mass mβ , and the Dirac CPV phase δCP . This study is done for both mass hierarchies
where we found that numerical results concerning the ranges of these parameters may be
tested in current and future experiments with a slight preference for the normal hierarchy
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over the inverted one. We report in the following table a summary of the obtained ranges.
Normal Hierarchy Inverted Hierarchy
0.007271 . mee(eV) . 0.04202 0.05519 . mee(eV) . 0.0641
0.00959 . mβ(eV) . 0.0439 0.0554 . mβ(eV) . 0.0638
0.063 .
∑
mi(eV) . 0.153 0.14 .
∑
mi(eV) . 0.17
0.0043 . mlightest(eV) . 0.043 0.0282 . mlightest(eV) . 0.041
0.07pi . δCP . 0.68pi 0.08pi . δCP . 0.65pi
The second main goal of this paper concerns the domain wall problem induced by the
spontaneous breaking of the A4 ×Z3 discrete flavour group. To discuss this issue, we first
explained the different breaking patterns encountered in the charged leptons and neutrino
sectors. In the former, the spontaneous breaking is generated by the flavon triplet Φ that
leads to the formation of domain walls among the degenerate VEVs of Φ up to Z2 × Z2
transformations, however, we showed that these walls do not present any danger since
this kind of breaking took place at the inflationary scale. This is not the case for the
breaking pattern in the neutrino sector driven by the flavon triplet Ω and leading to the
creation of its own domain walls up to Z2 o Z3 × Z3 charges that are problematic since
this breaking occurs far below the inflationary scale. To deal with this problem, we added
a non-renormalizable term to the superpotential—suppressed by two units of the Planck
scale—that breaks explicitly the Z2 o Z3 ×Z3 discrete symmetry. Normally, there are too
many choices for the non-renormalizable term, and we have chosen one of them to develop
its contribution to the effective potential in details while we reported the rest of the terms—
which lead to a similar contribution to the one we discussed in details—in Appendix C.
7 Appendices
We give three appendices where we report some technical details.
A The discrete alternating A4 group
The alternating group A4 has two noncommuting generators S and T satisfying the follow-
ing relation: S2 = T 3 = (ST )3 = I. Because of their noncommutativity—ST 6= T S—only
one of these generators can be chosen diagonal. In the present paper we have worked in
the Altarelli-Feruglio (AF) basis where the generator T is diagonal [71]. Recall that the
discrete group A4 has four irreducible representations; one irreducible triplet 3(−1,0) and
three different singlets 1(1,1), 1(1,ω), 1(1,ω¯) distinguished by their representation characters.
In the AF basis, the three-dimensional unitary representation of the generators T and S is
given by
3(−1,0) : S = 13
−1 2 22 −1 2
2 2 −1
 , T =
 1 0 00 ω¯ 0
0 0 ω
 (7.1)
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where ω = e
2pii
3 , while on the one-dimensional representations, these generators are repre-
sented by
1(1,1) : S = 1 T = 1
1(1,ω) : S = 1 T = ω¯
1(1,ω¯) : S = 1 T = ω
(7.2)
On the other hand, the A4 representations which are denoted by their basis characters obey
the following tensor product algebra
3(−1,0) × 3(−1,0) = 1(1,1) + 1(1,ω) + 1(1,ω2) + 3(−1,0) + 3(−1,0)
3(−1,0) × 1(1,ωr) = 3(−1,0)
1(1,ωr) × 1(1,ωs) = 1(1,ωr+s)
(7.3)
where r and s take values 0, 1, 2. Here we give useful tools for the computation of the
tensor product of A4 triplets. For the case of two A4 triplets taken as a = (a1, a2, a3)
and b = (b1, b2, b3), their tensor product is reducible with irreducible components given by
the first decomposition relation in eq. (7.3). These irreducible components are given in a
T -diagonal basis by
(a⊗ b)|1 = a1b1 + a2b3 + a3b2
(a⊗ b)|1′ = a3b3 + a2b1 + a1b2
(a⊗ b)|1′′ = a2b2 + a1b3 + a3b1
(7.4)
and
(a⊗ b)|3S = 13
 2a1b1 − a2b3 − a3b22a3b3 − a2b1 − a1b2
2a2b2 − a1b3 − a3b1

(a⊗ b)|3A = 12
 a2b3 − a3b2a2b1 − a1b2
a1b3 − a3b1

(7.5)
Recall that the A4 group has four conjugacy classes C1, C2, C3, C4 given by
C1 = {e}
C2 =
{S, T ST −1, T −1ST }
C3 = {T , T S,ST ,ST S}
C4 =
{T 2,ST 2, T 2S, T ST }
(7.6)
and they are used in building the character table χ
Ri
(Cj) = χij of the group A4 which
reads as follows
χij (A4) R1 R1′ R1′′ R3
C1 1 1 1 3
C2 1 1 1 −1
C3 1 ω ω2 0
C4 1 ω2 ω 0
(7.7)
To get these numbers, one uses the formula χ% (g) = tr
(
%g
)
with % an irreducible repre-
sentation and g a group element. Because of the trace cyclicity property, this formula is
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invariant under group conjugation hgh−1. For instance, we have for χR3 (e) = tr (I3) = 3,
and for χR3 (S) = tr (%S) = −1 while for χR3 (T ) = tr (%T ) = 0 due to the identity
1 + ω + ω2 = 0 for ω third root of identity.
B Scalar sector and the vacuum alignment
In this appendix, we examine the vacuum alignment of the flavon triplets Φ and Ω used
in the charged lepton and neutrino sectors respectively. As we already mentioned, to
achieve the desired vacuum alignments of Φ and Ω—the VEV structures that produced
the mass matrices 2.15 and 3.7—we need to avoid any couplings between these flavons
triplets. Indeed, this is one of the reasons for adding the Z3 symmetry under which the
coupling Φ ⊗ Ω transform as Q2. Moreover, it is easy to check from our scalar superfield
content in table 3 that all trilinear scalar couplings involving Φ⊗Ω are not invariant under
the Z3 symmetry. The scalar potential of our proposal contains the usual F, D and soft
mass terms of the MSSM but this time with the singlet S and the flavons χ, Ω, Φ included.
Using eq. (5.60), the F-term contribution |Fscal|2 to the scalar potential is given by
VF = |FHu |2 + |FHd |2 + |FS |2 + |FΦ|2 + |FΩ|2 + |Fχ|2
= |λ1SHd|2 + |λ1SHu|2 +
∣∣λ1HuHd + λ2S2 + λ6Ω2∣∣2
+
∣∣λ4Φ2 + µΦΦ∣∣2 + ∣∣λ3Ω2 + λ6SΩ∣∣2 + ∣∣λ5χ2 + λ7Ω2∣∣2 (7.8)
On the other hand, as the singlet S and the flavon superfields are gauge singlets, they do
not have any D-term contributions to the scalar potential. This restrict the D-terms to
be exactly the same as in the usual MSSM. The final contributions to the scalar potential
arising from the soft SUSY breaking terms are given explicitly as
Vsoft = m2Hu |Hu|2 +m2Hd |Hd|2 +m2s |S|2 +m2Φ |Φ|2 +m2Ω |Ω|2 +m2χ |χ|2
+[bΦΦ
2 + t1SHuHd + t2S
3 + t3Ω
3 + t4Φ
3 + t5χ
3 + t6SΩ
2 (7.9)
+t7χΩ
2 + h.c.]
where m2Hu , m
2
Hd
, m2s, m2Φ, m
2
Ω and m
2
χ are soft supersymmetry breaking masses, bΦ is a
bilinear soft mass parameter and ti stand for the trilinear coupling between different scalar
fields. Now, to study the vacuum alignment of the flavon triplets Φ = ϕ
Φ
+ θψ
Φ
+ θ2FΦ
and Ω = ϕ
Ω
+ θψ
Ω
+ θ2FΩ , we denote by 〈Φ〉 = (υΦ1 , υΦ2 , υΦ3) and 〈Ω〉 = (υΩ1 , υΩ2 , υΩ3)
their VEVs solving the minimum conditions
∂V
∂ϕ
Φi
= 0 ,
∂V
∂ϕ
Ωi
= 0 (7.10)
with V = VF + Vsoft. We start by minimizing the scalar potential V with respect to ϕΦ
where we obtain the following three equations
∂V(Φ)
∂ϕ
Φ1
∣∣∣∣∣
〈Φi〉=υΦi
= λ24
(
52
9
υ3Φ1 + 24υΦ1υΦ2υΦ3 +
28
9
υ3Φ2 +
28
9
υ3Φ3
)
+4λ4bΦυ
2
Φ1 − 4λ4bΦυΦ2υΦ3 (7.11)
+2υΦ1
(
µ2Φ +m
2
Φ + 2bΦ
)
+ 2t4
(
υ2Φ1 − υΦ2υΦ3
)
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∂V(Φ)
∂ϕ
Φ2
∣∣∣∣∣
〈Φi〉=υΦi
= λ24
(
12υ2Φ1υΦ3 +
28
3
υΦ1υ
2
Φ2 +
44
3
υΦ2υ
2
Φ3
)
+4λ4bΦυ
2
Φ2 − 4λ4bΦυΦ1υΦ3 (7.12)
+2υΦ3
(
µ2Φ +m
2
Φ + 2bΦ
)
+ 2t4
(
υ2Φ2 − υΦ1υΦ3
)
∂V(Φ)
∂ϕ
Φ3
∣∣∣∣∣
〈Φi〉=υΦi
= λ24
(
12υ2Φ1υΦ2 +
28
3
υΦ1υ
2
Φ3 +
44
3
υ2Φ2υΦ3
)
+4λ4bΦυ
2
Φ3 − 4λ4bΦυΦ1υΦ2 (7.13)
+2υΦ2
(
µ2Φ +m
2
Φ + 2bΦ
)
+ 2t4
(
υ2Φ3 − υΦ1υΦ2
)
We can approximate the solution of the minimum conditions of V for the A4 triplet Φ
through the relations
R1 = υΦ2
∂V
∂υ
Φ1
− υΦ1 ∂V∂υ
Φ2
= 0
R2 = υΦ3
∂V
∂υ
Φ1
− υΦ1 ∂V∂υ
Φ3
= 0
R3 = υΦ3
∂V
∂υ
Φ2
− υΦ2 ∂V∂υ
Φ3
= 0
(7.14)
where we find
R1 = 4λ
2
4
[
13
9
υ3Φ1υΦ2 + υΦ3
(
6υΦ1υ
2
Φ2 − 3υ3Φ1 −
11
3
υΦ1υΦ2υΦ3
)]
+
28
9
λ24υΦ2
(
υ3Φ2 + υ
3
Φ3 − υ2Φ1υΦ2
)
+ 4λ4bΦ (υΦ1 − υΦ2) υΦ1υΦ2
+4λ4bΦ
(
υ2Φ1 − υ2Φ2
)
υΦ3 + 2t4
(
υ2Φ1 − υΦ1υΦ2
)
υΦ2 (7.15)
+2υΦ1 (υΦ2 − υΦ3)
(
µ2Φ +m
2
Φ + 2bΦ
)
+ 2t4
(
υ2Φ1 − υ2Φ2
)
υΦ3
R2 =
4
9
λ24
[
13υ3Φ1υΦ3 − υΦ2
(
27υ3Φ1 + 7υ
2
Φ2υΦ3 − 33υΦ2υΦ1υΦ3
)]
+
4
9
λ24υ
2
Φ3
(
7υ2Φ3 + 54υΦ1υΦ2 − 21υ2Φ1
)
+ 4λ4bΦ (υΦ1 − υΦ3) υΦ1υΦ3
+4λ4bΦ
(
υ2Φ1 − υ2Φ3
)
υΦ2 + 2t4
(
υ2Φ1 − υ2Φ3
)
υΦ2 (7.16)
−2υΦ1 (υΦ2 − υΦ3)
(
µ2Φ +m
2
Φ + 2bΦ
)
+ 2t4
(
υ2Φ1 − υΦ1υΦ3
)
υΦ3
R3 =
4
3
λ24
[
9υ2Φ1
(
υ2Φ3 − υ2Φ2
)− υ2Φ2 (11υΦ2υΦ3 + 7υΦ1υΦ3)]
+
4
3
λ24υ
2
Φ3 (11υΦ2υΦ3 − 7υΦ1υΦ2) + 4λ4bΦ
(
υΦ1υΦ2 − υ2Φ3
)
υΦ2
+4λ4bΦ
(
υ2Φ2 − υΦ1υΦ3
)
υΦ3 + 2t4
(
υΦ1υΦ2 − υ2Φ3
)
υΦ2 (7.17)
−2 (υ2Φ2 − υ2Φ3) (µ2Φ +m2Φ + 2bΦ)+ 2t4 (υ2Φ2 − υΦ1υΦ3) υΦ3
Clearly, the only solution for these three equations is the one we have chosen to produce
the charged leptons masses (2.14), namely
υΦ1 6= 0 , υΦ2 = υΦ3 = 0. (7.18)
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Analogously, we perform the same calculations for the minimum conditions coming from
the triplet Ω; we have
∂V(Ω)
∂ϕ
Ω1
∣∣∣∣∣
〈Ωi〉=υΩi
= (4λ2λ6υ
2
S + 4λ1λ
2
6υdυu + 2λ
2
6υ
2
S + 4λ5λ7υ
2
ϕ + 2m
2
Ω + 2t6υS + 2t7υϕ)υΩ1
+(λ26 + λ
2
3 + λ
2
7)(
52
9
υ3Ω1 + 24υΩ1υΩ2υΩ3 +
28
9
υ3Ω2 +
28
9
υ3Ω3)
+(2λ3λ6υS + t3)(2υ
2
Ω1 − 2υΩ2υΩ3) (7.19)
∂V(Ω)
∂ϕ
Ω2
∣∣∣∣∣
〈Ωi〉=υΩi
= 2(2λ2λ6υ
2
S + 2λ1λ
2
6υdυu + λ
2
6υ
2
S + 2λ5λ7υ
2
ϕ +m
2
Ω + t6υS + t7υϕ)υΩ3
+(λ26 + λ
2
3 + λ
2
7)(12υ
2
Ω1υΩ3 +
28
3
υΩ1υ
2
Ω2 +
44
3
υΩ2υ
2
Ω3)
+(2λ3λ6υS + t3)(2υ
2
Ω2 − 2υΩ1υΩ3) (7.20)
∂V(Ω)
∂ϕ
Ω3
∣∣∣∣∣
〈Ωi〉=υΩi
= 2(2λ2λ6υ
2
S + 2λ1λ
2
6υdυu + λ
2
6υ
2
S + 2λ5λ7υ
2
ϕ +m
2
Ω + t6υS + t7υϕ)υΩ2
+(λ26 + λ
2
3 + λ
2
7)(12υ
2
Ω1υΩ2 +
28
3
υΩ1υ
2
Ω3 +
44
3
υ2Ω2υΩ3)
+(2λ3λ6υS + t3)(2υ
2
Ω3 − 2υΩ1υΩ2) (7.21)
Similarly to the case of the flavon Φ, we can approach the solution of the minimum condi-
tions of V for the A4 triplet Ω through the following equations(
υΩ3
∂V(Ω)
∂ϕ
Ω1
− υΩ1
∂V(Ω)
∂ϕ
Ω3
)
〈Ωi〉=υΩi
= 0
(
υΩ2
∂V(Ω)
∂ϕ
Ω1
− υΩ1
∂V(Ω)
∂ϕ
Ω2
)
〈Ωi〉=υΩi
= 0 (7.22)
(
υΩ3
∂V(Ω)
∂ϕ
Ω2
− υΩ2
∂V(Ω)
∂ϕ
Ω3
)
〈Ωi〉=υΩi
= 0
leading to
T1(υΩ3 − υΩ2) + T2(υΩ1 − υΩ3) + T3 = 0
T1(υΩ2 − υΩ3) + T4(υΩ1 − υΩ2) + T5 = 0
T6(υ
2
Ω3
− υ2Ω2) + T7(υΩ2 − υΩ3) = 0
(7.23)
with
T1 = 2υΩ1(2λ2λ6υ
2
S + 2λ1λ
2
6υdυu + λ
2
6υ
2
S + 2λ5λ7υ
2
ϕ +m
2
Ω + t6υS + t7υϕ)
T2 = 2(2λ3λ6υS + t3)(υΩ1υΩ3 + υΩ2(υΩ1 + υΩ3))
T3 =
4
9(λ
2
6 + λ
2
3 + λ
2
7)(7υ
4
Ω3
− 21υ2Ω1υ2Ω3 − 27υ3Ω1υΩ2 + 13υ3Ω1υΩ3
+7υ3Ω2υΩ3 − 33υ2Ω2υΩ1υΩ3 + 54υ2Ω3υΩ1υΩ2)
T4 = 2(2λ3λ6υS + t3)(υΩ1υΩ2 + υΩ3(υΩ1 + υΩ2))
(7.24)
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and
T5 =
4
9(λ
2
6 + λ
2
3 + λ
2
7)(7υ
4
Ω2
− 21υ2Ω1υ2Ω2 + 13υ3Ω1υΩ2 − 27υ3Ω1υΩ3
+7υ3Ω3υΩ2 − 33υ2Ω3υΩ1υΩ2 + 54υ2Ω2υΩ1υΩ3)
T6 = 2[2λ2λ6υ
2
S + 2λ1λ
2
6υdυu + λ
2
6υ
2
S + 2λ5λ7υ
2
ϕ +m
2
Ω + t6υS + t7υϕ
+2λ3λ6υSυΩ1 + t3υΩ1 + (λ
2
6 + λ
2
3 + λ
2
7)(12υ
2
Ω1
+ 443 υΩ2υΩ3)]
T7 = υΩ2υΩ3 [4λ3λ6υS + 2t3 +
28
3 (λ
2
6 + λ
2
3 + λ
2
7)υΩ1 ]
(7.25)
It is clear that the solution for eq. (7.22) is indeed the VEV structure we have chosen
to produce the right-handed Majorana neutrinos mass matrix (3.7), namely υΩ1 = υΩ2 =
υΩ3 = υΩ.
C More on flavor symmetry breaking operators
In this appendix, we provide a simple list of the five dimensional operators O5 that can be
used to break explicitly the discrete Gf = A4 × Z3 flavor group of our model. As before,
we focus on the flavor invariant trilinear couplings WR =
∑
λabcΥaΥbΥc that includes the
superfields relevant to the neutrino sector namely
ΥaΥbΥc ∼ S3 , Ω3 , χ3
SΩ2 , χΩ2 , SHuHd
(7.26)
and we would like to look for a chiral superpotential W ′NR made of gauge invariant five
dimensional operators type 1
M2Pl
O5 that breaks explicitly the full or a part of the flavor
symmetry Gf . Clearly one can write down a big list of such gauge symmetric operators; a
remarkable family of gauge invariant five dimensional operators O5 that breaks the flavor
symmetry Gf is obtained by thinking of O5 as follows
O5 ∼ O2 ×ΥaΥbΥc (7.27)
with O2 breaking Gf partially or completely. Moreover, seen that Gf is the product of two
factors, the breaking may be carried either by one of the two factors; that is A4 or by Z3;
or by both of them9. For example, candidates for O2 breaking Z3 are directly read from
the table 3; they are given by the following quadratic chiral superfield monomials
O2 : S2 , Ω2 , χ2 , HuHd (7.28)
From these four quadratic candidates, only χ2 breaks both A4 and Z3 symmetries. Hence,
a simple candidate form for the superpotential W ′NR reads therefore as follows
W ′NR =
1
M2Pl
[
hiHuHd + h
′
iS
2 + liΩ
2 + l′iχ
2
]×WR (7.29)
where WR =
∑
λabcΥaΥbΥc and where l′5 ≡ λ′5 according to eq. (5.61). From this W ′NR,
one can compute the contribution to the effective scalar potential V that breaks the flavor
9For the contributions that reside from the combination between two different fields, namely S, Ω and
χ, they can be eliminated by the same R-symmetries usually used to avoid the existence of terms of order
four [113, 114].
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symmetry. In what follows, we illustrate the calculation leading to the scalar potential
for the very particular and simple example where W ′NR is restricted to the operator of eq.
(5.61) namely
WNR = λ
′
5
M2Pl
χ5 (7.30)
By using the Feynman rules for supergraphs of chiral superfields; in particular for the chiral
χ = χs+θχψ +θ
2χF , the contribution of the supergraph in figure 12 to the effective action
is given by [111, 119–121]
δS ≈ λ25λ′5
M2Pl
∫
d4x1d
4x2d
4x3d
4θ1d
4θ2d
4θ3χ(x1, θ1)
1
φ¯(θ¯1)
e
2K(12)
3 e
K(23)
3 e
2K(13)
3
×
(
D
2
1
41 δ12
)(
D22D
2
2
162 δ12
)(
D22
42 δ23
)(
D
2
3
43 δ13
)(
D
2
3D
2
3
163 δ13
) (7.31)
where
δij = δ
4(xi − xj)δ4(θi − θj), (7.32)
the compensator superfield is given by φ¯(θ¯1) = 1 + θ¯
2
1
M2s
MPl
and K(ij) = K(θi, θ¯j) which is
the minimal Kahler potential of the model defined as K = ΣΣ¯ where Σ stands for chiral
superfields of the model. One can evaluate this expression by integrating by parts and use
the factors of δ4(θi − θj) to eliminate θ integrals. Moreover, by using the algebra of the
supersymmetric covariant derivatives we can remove D2D2 due to properties [111, 112, 119–
121] like
D2D
2
D2 = 16D2
D
2
D2D
2
= 16D2
(7.33)
and ∫
d2θ2δ
4(θ2 − θ1)D2D2δ4(θ2 − θ1) = 16 (7.34)
In doing so, the integral (7.31) gets reduced to a single integral over θ1 of the form
δS ≈ λ
2
5λ
′
5
M2Pl
∫
d4x1d
4θ1χ(x1, θ1)
1
φ¯(θ¯1)
(
D¯2
4
)e
5K(11)
3 × I3 (7.35)
with
I3 =
∫
d4k1
(2pi)4
d4k2
(2pi)4
d4k3
(2pi)4
1
k21k
2
2k
2
3(k1 − k2)2(k1 − k3)2
∼ O( M
2
P
(16pi2)3
) (7.36)
Using the following relations [111, 119–121]
exp
(
2K
3M2Pl
)
≈ 1 + θ2 M
2
s
MPl
+ θ¯
2 M2s
MPl
+ θ2θ¯
2 M4s
M2Pl
φ ≈ 1 + θ2 M
2
s
MPl
(7.37)
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which are respectively the classical VEVs for the Kahler potential and the non propagating
compensator superfield, we get an additional contribution to the effective potential; it is
given by
δVeff = λ
2
5λ
′
5M
3
W
(16pi2)3
(χs + χ
∗
s) +
λ25λ
′
5M
2
W
(16pi2)3
(χF + χ
∗
F ) (7.38)
where the linear term proportional to M3W is the contribution used to break explicitly the
full flavor symmetry Gf = A4 × Z3 of our model.
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